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Abstract. We show the uniqueness of minimal actions of a compact Kac 

Q ' algebra with amenable dual on the AFD factor of type IIi . This particularly 

^^ . implies the uniqueness of minimal actions of a compact group. Our main 

tools are a Rohlin type theorem, the 2-cohomology vanishing theorem, and the 
Evans-Kishimoto type intertwining argument. 
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1. Introduction 

This paper presents the uniqueness of minimal actions of a compact Kac algebra 
with amenable dual. More precisely, any two minimal actions of a compact Kac 
algebra with amenable dual on the approximately finite dimensional (AFD) factor 
of type III are conjugate. Note that every compact group action is a particular 
example of an action of such a compact Kac algebra. Here we say that an action 
is minimal if it has the full spectrum and the relative commutant of its fixed 
point algebra is trivial [ILPj . 

After the completion of classification of discrete amenable group actions, it is 
natural to focus our attention to actions of continuous groups. Although it is 
very difficult to analyze actions of continuous groups in general, compact group 
actions have been extensively studied among them since the dual of a compact 
group is discrete. Indeed as emphasized in [Wlj . it gives us important insight 
about compact group actions to consider actions of compact group duals, namely, 
coactions of groups |NTj . or Roberts actions [RoJ . Actions of compact abelian 
groups have been completely classified in |JT] and [KwTj by combining results in 
(Oclj . [STj and |KwST] with the Takesaki duality [T]. For compact non-abelian 
groups, classification of all actions is still very far from completion, but a few 
kinds of actions, such as ergodic actions and minimal actions, have been studied. 
For example, ergodic actions have been studied in |UPT] for the abelian case, 
and A. Wassermann has dealt with general ergodic actions in [W2j . [W3j and 
jW4j . In particular, he has finished the classification of ergodic actions of SU{2). 

It is a central theme to classify all minimal actions in the study of compact 
group actions. The notion of minimality corresponds to outerness of actions 
in discrete case. So far several attempts have been made for this classification 
problem. In an unpublished work |0c2] , Ocneanu has announced the uniqueness 
of minimal actions of a compact group by developing the method used in [Del]. 
A different approach has been proposed by S. Popa and A. Wassermann in [PWj . 
which is based on the classification of subfactors by Popa |Plj . They have applied 
the main theorem of |Plj to Wassermann's subfactors |Wlj . and concluded the 
uniqueness of minimal actions of a compact Lie group. Unfortunately, the details 
of the both adorable theories have not been available to the authors. 

We explain our approach to this problem. Most part of this paper is devoted to 
classification of centrally free actions of amenable discrete Kac algebras. We can 
utilize the framework of amenable discrete Kac algebras for treating the duals of 
compact groups. The uniqueness of minimal actions follows through the duality 
between compact Kac algebras and discrete Kac algebras. Throughout this paper, 
the most fundamental tools are the ultraproducts and central sequence technique. 
Here one notes that actions of Kac algebras never preserve central sequences. To 
overcome this difficulty, we mainly treat approximately inner actions. Then we 
can use the central sequence technique as demonstrated in [M2j . 

The first half of our arguments is similar to those in [Clj . |Oclj . that is, we 
formulate a Rohlin type theorem for actions of discrete amenable Kac algebras, 
and show approximate 1-cohomology vanishing and 2-cohomology vanishing by 



the Shapiro type argument. Combining these results with the stabihty of minimal 
actions (cf. |W2j ) . we show that every minimal action is dual. 

The traditional method for classification theory of actions on von Neumann 
algebras is the model action splitting argument, that is, we construct the model 
action as an infinite tensor product type action at first, and pull out pieces of 
the model action from a given action by means of the Rohlin type theorem and 
cohomology vanishing. It is not so difficult to construct the infinite tensor product 
type model action for cyclic groups or finite groups as in (Clj . |C3] and p], but it is 
necessary to apply the paving theorem of D. Ornstein and B. Weiss |OWlj . |0W2] 
to construct the model action for a general discrete amenable group. Because of 
use of paving theorem, Ocneanu's Rohlin type theorem |Uclj takes a complicated 
form, and it seems difficult to generalize it to a discrete amenable Kac algebra 
case. Of course, it is easy to construct the model action for coactions of finite 
groups, and the classification given in |M2j is based on the model action splitting 
argument. 

So we do not take the model action splitting argument in the final stage of 
classification. Instead of that, we use the intertwining argument, which was ini- 
tiated by D. E. Evans and A. Kishimoto in |EKj . and has been further developed 
in [N] and [12] for group actions on C*-algebras. It also works for von Neumann 
algebras as is shown in |Mlj . enables us to avoid using a paving theorem, and 
makes our arguments simpler than those in [Qclj . 

Acknowledgements. The authors are grateful to Masaki Izumi and Yasuyuki 
Kawahigashi for permanent encouragement and fruitful discussions. The second 
named author was supported in part by Research Fellowship for Young Scientists 
of the Japan Society for the Promotion of Science. 



2. Preliminaries 

2.1. Notations 

We treat only separable von Neumann algebras and Kac algebras except for 
ultraproduct von Neumann algebras. We denote by 'JIq the AFD factor of type 
III. Let M be a von Neumann algebra. For a subset S C M, we denote by 
W*{S) the von Neumann subalgebra of M generated by S. We denote the sets 
of unitaries, projections, positive elements, the unit ball and the center of M by 
U{M), Proj(M), M+, Ml and Z{M), respectively. For a weight on M and x G 
M, we set \x\^ = 0(|a;|), ||a;||<^ = 0(x*a;)^/^ and ||2;||^ = 2~^/^(0(a;*x) + 0(a;x*))^/^. 
For each a E M and (p ^ ^*) ci(f),4'CL G M^ are defined by a(j){y) = <f){ya) and 
(f)a{y) = (t){ay) for y G M. Set [0, x] = 0x — xcj). For x G M+, s{x) denotes 
its support projection. For von Neumann algebras M and N , we denote by 
Mor(M, N) the set of unital faithful normal *-homomorphisms from M to N . For 
von Neumann algebras M and N , M ® N is the tensor product von Neumann 
algebra. We denote by '^z the real part of a complex number z. We write A (£ B 
when y4 is a finite subset of B. Let X be a linear space and consider the n-fold 
tensor product X®". Then the symmetric group Sn acts on X®"' canonically. 
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The action is written by a. Note that we also use the symbol a for an irreducible 
representation of a compact Kac algebra. 

2.2. Quick review of theory of Kac algebras 

Our basic references on theory of Kac algebras are |BS] and |ES] . A compact 
Kac algebra is a triple G = {A, 5, h) where A is a von Neumann algebra, 5 G 
Mor(A, A® A) is a, coproduct and /i is a faithful invariant tracial state, that is, 
they satisfy 

((5(g)id) o5 = {id®5) o5, 

{6 ® h){6{a)) = e{l)h{a) = {h® e){6{a)) for all 6 e A,, a e A. 

Let a G Aut(A (g) A) be the flip automorphism. Then the map a o S is denoted 
by (5°PP. Let {tt^, 1^, Hh} be the GNS representation of A with respect to the 
state h, which means Hh is a Hilbert space, iTh G MoT{A,B{Hh)) and l/i is the 
GNS cyclic vector. We always regard A as a subalgebra of B{Hh) via the map 
TT/j. The canonical tracial weight on B{Hh) is denoted by Tr. We define a unitary 
VeB{H^®Hh)hy 

V*{xih ® yih) = Siy)ixih ® 1^) for x, y E A. 

Then V satisfies the following pentagonal equality, and is called a multiplicative 
unitary. 

By definition, V E A ® B{Hh)- There exists the antipode I on A which is an 
antiautomorphism on A satisfying (/ (g) id)(y) = V*. Define A by the a-weak 
closure of the linear space {{9 ® id)(y) | 9 G A^} and a map A(x) = V{x ® 1)V* 
for X E A. Then A is actually a von Neumann algebra and A G Mor(y4, A® A). 
Let ip be the Planchrel weight on A induced by a compact Kac algebra G. In 
fact, ip = Tt holds on A. Then the triple G = {A, A, ip) is a discrete Kac algebra. 
The tracial weight ip is invariant for A, that is, 

{9 ® ^)(A(x)) = 9{l)ip{x) = (y? ® 9){A{x)) for all 9 e A,, xe i+. 

For a more convenient description of von Neumann algebras A and A, we 
make use of unitary representations of G. Let i^ be a Hilbert space and v G 
U{A ® B{K)). The pair vr = {v,K) is called a unitary representation of G if 
{S ® id)(f) = fi3f23. The unitary representation 1 = (1, C) is called the trivial 
representation. For two unitary representations vr = {v,K) and a = {v',K'), an 
element S G B{K, K') is called an intertwiner from vr to a if {l®S)v = v'{l®S). 
The set of intertwiner s from vr to a is a linear space and denoted by (vr, a) . If (vr, a) 
contains an isometry, then we write vr -< a. If (vr, a) contains a unitary, vr and a 
are said to be equivalent and we write vr ~ a. Of course it -< a and a -< vr implies 
TT ~ cr. We define the tensor product representation by vr ■ a = (f 12^13, K (g) K'). 

For a unitary representation vr = (f,/^), we define the conjugate unitary rep- 
resentation vr'^ = {v'^, K) as follows. Let K be the conjugate Hilbert space of K 

with the conjugation map j: K ^K. Define the transpose map t : B{K) -^ B{K) 
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by t{x) = jx*j^^ for all x G B{K). Then set v'^ = (/ (S> t){v)- The relation 
6 o I = (/ (g) /) o 5°PP implies that tt^ is a unitary representation. 

For IT = {v,K), the set (vr, vr) is a C*-subalgebra of B{K). We say that vr is 
irreducible if (7r,7r) = C. The irreducibility of vr = {v,K) implies finite dimen- 
sionality of K. We write djr for dimi^. Let a be another unitary representa- 
tion. Then the intertwiner space (tt, a) is a Hilbert space with the inner product 
{S,T)1tj. = T*S for all S,T E (tt, a), where 1,, denotes the unit of B{K). When 
we fix an orthonormal basis of (vr, a), we denote it by 0NB(7r, a). 

We denote by Irr(G) the set of equivalence classes of all irreducible unitary 
representations. We denote by [vr] the equivalence class of a unitary representation 
TT. The set Irr(G) has the conjugation operation defined by [vr] = [vr'^] for all 
[tt] G Irr(G). We fix a representative vr = (f^, H^,) for each [vr] G Irr(G) as follows. 
If [tt] 7^ [vr], we take representatives vr and vr*^ for [vr] and [vr], respectively. In this 
case, we often write vf = (wtt, H^) for vr'^ = (t>^, Ht,) with the conjugation j^ : H^, — > 
Ht,. If [vr] is self-conjugate, that is, [vr] = [vr], then we take a representative tt for 
[tt]. _ 

Take a self-conjugate [tt] G Irr(G). Then there exists a unitary z/^r G B{Ht,, Ht,) 
such that f^ = (1 ® i/^)vJJ.(l z/*). Taking the conjugation of the both sides, we 
have f^ = (1 (g) rv)v^(l ® T^*), where T^ = j^i^Trj-n G B{H^, H^). Hence Uj,T\ is in 
(vr, vr) and we have z/^Iv = ^w^w or equivalently Iv^tt = ^-K^n for some e^ G C with 
IcttI = 1. Taking the conjugation of Ivz/^ = €.,^1^, we have Ut^V^ = e^l^, and hence 
e^ = e^, that is, e^r = ±1. We assign e^ = 1 for a nonself-conjugate [vr] G Irr(G). 

Now for each [vr] G Irr(G), fix a finite index set Itt with |/^| = rf^ and an 
orthonormal basis {^TTiJig/^ of if,r- Then we introduce another orthonormal basis 
of H:ff {e:ff^}i^j^ as follows. If [vr] 7^ [vr], set e^f^^ = jn^m ^ Hw- If [tt] = [vr], then 
set e^^ = v^Jt^e^. g -f^TT- For each [vr] G Irr(G), we define an isometric intertwiner 
^Tf.Tr e (l,vf -vr) by 



T- =V 
We claim the following equality 



1 



T- 






TT 2_^ nr^-^- 



For a nonself-conjugate [vr], it is trivial. We verify the equality for a self-conjugate 
[vr]. By invariance of the summation in changing bases, we have 



_ ^ 1 

- / dji 

nV^ 1 






1) ^ —7=J7Tl^7TJn£7T, ® Z/^jTreTT, 






[u^u^ ® 1) X] -J^^^. 



ieu ^^^ 



■ Ctt / ^ /Tj~^'^« ^■^^ 



On T^^TT we have the following equalities 

(1, ® T^,J(T,,w ® i„) = ^1, = (t;^ ® 1„)(1„ ® T^,,). 

U71- 

From now on, we simply write tt for [tt]. Hence n means an element of Irr(G) 
and an irreducible unitary representation. 

We take the systems of matrix units {e^^ }i,j€in ^^^^ {^^--lije/^ ^oi B{Ht,) and 
B{H^) coming from the bases {£-Ki}ieU ^'^'^ {^w-Jjg/^j respectively. We decompose 

V-JY as 

Then the elements {f^. . | i,J € /jr, vr G Irr(G)} are linearly independent and 
the linear span of them is a-weakly dense in A. In fact the following orthogonal 
relations of them hold. For all iT,p & Irr(G), i,j G In and k,i ^ Ip, 

For each vr G Irr(G) and i,j G In, set Em^j = dnhv^. . G A* and put 
A«.i = (^TT,,, ®id)(\/). Then fn,,Jpk,t = Sn,pSj,kfn,,e and /;^^, = /^^,, hold. Since 
{/T,,Jije/,r,7reirr(G) generates i, we have identification by putting /^^^, = e^,^, 

i= 5(iJ.). 

7reIrr(G) 

By this identification, we have 

V^ = c^TT Tr^ 

7rGlrr(G) 

and 



/ Vn- ■ 



7rGlrr(G) J,jG/,r 

where Tr^ is the non-normalized trace on B{IIn). We also use the tracial state 
Tn on B{Hn)- For a; G A, we often use the notation Xn = x{l 1,^). The support 
of x G A is the subset of Irr(G) which consists of tt G Irr(G) such that Xn 7^ 0. 
The support of a; G A is denoted by supp(a;). We write Aq for the set of finitely 
supported elements of A. We denote by Projf(A) the set of projections in Aq. 

The representation A C B{Hh) is standard as is seen below. Let {n^,A^,II^) 
be the GNS representation of A with respect to (p. We define a unitary H^p —^H^ 
which maps A^{eni.j) ^o dnVmAh for all n G Irr(G) and i,j G In- Then this 



unitary intertwines tt^ and the identity representation on Hh. Thus we always 
identify H^ with H^. Then we obtain 

V{X^{x) ® A^(i/)) = A^®^(A(x)(l®i/)) for allx,!/ G io- 

We also use a unitary W defined by 

W*{K^{x)®k^{y)) = k^^^{^{y){x®l)) for x,y e Aq. 

The unitary W^ also satisfies the pentagonal equality. We call V and W the right 
regular representation and the left regular representation of G, respectively. Then 
V e A® A and W^ G 1 A'. By definition of V and W, we have ^(x (g) 1)^* = 
A(x) = iy*(l ® x)W^ for all x e A. 

We give a description of A in terms of intertwiners. We write ■,^/S.p{x) for 
A(a;)(l7r ® Ip) for each tt, p G Irr(G). Let 7i,p,a E Irr(G) and then 

T,Ap{x)S = Sx„ for all a; G A, S E (a, t^ ■ p), 
in particular, 

:^Za^ ( X ) -/ :^ 7J- ^ ■^l-^TTTT lOr all X G ^. 

By complete decomposability of tt ■ p, 

1. ® Ip = 5^ ^ 55*, 

o-^TT-p 5GONB(CT,7r-p) 

where the index a runs in Irr(G). This equality implies that 

o-^TT-p 5eONB((T,7r-p) 

Putting X = ei, we have 



»,:; 



Let 7r,p and a be elements in Irr(G). Then there exists a conjugate unitary 
map ~ from {a, p ■ 7f) to {a, vr ■ p) as is defined below. For S* G {W,p-W), 

S* = ,/d^d^dpiU ® T*p){l^ ® V ® ^^,. ® lp)(l<x ® 5 ® 1^ ® lp)(T,,a ® 1. ® Ip). 
The modular conjugations Jh and J^^ are defined by 

Jhxih = x*ih, J^A^iy) = A^(l/*) for a; G A, ye A. 

Set a unitary f/ = JhJ^p = JipJh- For x E A, define I{x) = JhX*.]^. Then 
/ is an antiautomorphism of A, and called the antipode of G. The equality 
(/ (g) i){V) = V yields i{U) = 1^- We often write x for /(x) for x G ^(i). 
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Since we want to illustrate Kac algebras as function algebras on noncommuta- 
tive spaces, we prepare the new notations 

Define the coproduct A°pp = cr o A, where a G Aut(yl ® A) is the flip auto- 
morphism and then the triple G°^^ = {A,A°'^^,(f) is called the opposite discrete 
Kac algebra of G. We define a discrete Kac algebra G x G°pp = (L°°(G x 
G°PP), Ag^gopp, v^gxgopp) as follows. The von Neumann algebra L°°{G x G°pp) 
is L°°(G) ® L°°(G). The coproduct Ag^gopp is given by Ag^gopp(a; ® y) = 
A(a;)i3A°PP(|/)24. The invariant tracial weight v^gxgopp is equal to ip ® ip. 

The map (A ® id) o A = (id® A) o A is often denoted by A*^^). For subsets 
J^ and /C C Irr(G), the subset J-' ■ IC d Irr(G) is defined as {vr G Irr(G) | tt -< 
p ■ cr for some p E J-',a E /C}. 

2.3. Amenability of a Kac algebra 

The amenability of Kac algebras has been studied by many authors. We re- 
fer readers to |Ruj and the references therein. A discrete Kac algebra G = 
(L°°(G), A, Lf) is called amenable if there exists a left invariant state m G L°°(G)*, 
here the left invariance means m{{9 ® id)(A(x))) = 9{\)m{x) for all 9 G L°°(G)* 
and X G L°°(G). When G comes from a compact group, then G is amenable 
by |Rul Theorem 4.5], which is directly proved by using the Kakutani-Markov 
fixed point theorem due to the cocommutativity of G. The amenability is also 
characterized by existence of projections with approximate invariance. We follow 
|0c2] for a notion of approximate invariance of a projection. 

Definition 2.1. Let F G Projf(L°°(G)) and £ > 0. A projection S G 
Projf(L°°(G)) is said to be {F^e) -invariant if we have 

\{F 1)A(5) - F ® S\^r^^ < s\F\^\S\^. 

We say that a Kac algebra G satisfies the F0lner condition if for any 
F G Projf(Z(L°^(G))) and e > 0, there exists an (F, e)-invariant K G 
Projf(Z(L°°(G))). Thanks to [Rut Theorem 4.5], a Kac algebra G is amenable 
if and only if it satisfies the F0lner condition. Moreover for any F, e > 
as above, we can take an (F, £)-invariant K G Projf(Z(L°°(G))) such that 
K > e\. We sketch the proof of this fact as follows. Take an {F,e)- 
invariant K G Projf(Z(L°°(G))). Take n G Irr(G) such that Kl^ ^ 0. Set 
X = (id®T,r)(A(-ft')) < 1. Actually x is in Z(L°^(G)) and it has sufficient invari- 
ance for F. Then applying the Day-Namioka-Connes trick |C2l Theorem 1.2. 2], 
we obtain a central projection K which is sufficiently invariant for F. Moreover 
since xci = Ci, Ci still remains after the trick, that is, K > e-^. 

2.4. Actions and cocycle actions 

Let M be a von Neumann algebra and G = (L°°(G), A, y?) a discrete Kac 
algebra. Let a G Mor(M, M (g) L°°(G)) and u a unitary in M O L°°(G) ® L°°(G). 



The pair {a, u) is called a cocycle action of G on M if we have the following three 
conditions 

(1) (a ® id) o a = Adu o (id(8)A) o a, 

(2) (M(g)l)(id(g)A(g)id)(M) = (a O id O id) (m) (id O id O A) (m) , 

(3) -Ui^TT = 1 ® ei l,r, Un,i = 1 (8> Itt ei for all n G Irr(G). 

By definition, a^ = id. The unitary u is called a 2-cocycle. If -u = 1, we say that 
a is an action. A perturbation u oi u hj v E U{M (8> L°°(G)) is defined by 

u = (viS) l)(a (g) id)(t;)M(id(g)A)(t;*). 

Then the pair (Adf o a,u) is a cocycle action perturbed by v. If m = 1, we say 
that -u is a 2-cohoundary. For an action a, f G f/(M(8)L°°(G)) is called a 1-cocycle 
or a-cocycle if we have (f (X> l)(a (X> id)(f ) = (id(8)A)(f). Note that if v perturbs 
an action (o;, 1) to the action (Adf o a, 1), ti is an a-cocycle. A perturbation of 
an a-cocycle f by w G U{M) is v = {w^l)va{w*). If w = 1, f is a 1-cohoundary. 
We say that a cocycle is small if it is close to 1. 

To simplify notations, we often omit the symbol (S> id after symbols of cocycle 
actions such as a, (3, 7 and so on. For example, we write a{u) for (a®id ® id)(-u). 

Decompose u as 

7r,pgIrr(G) JJG/tt k/elp 

Then each element Mtt, ,pfe <. is called the entry of -u. We simply say that an element 
X E M commutes with u if it does with all entries of u. 

Definition 2.2. Let M be a von Neumann algebra and K a finite dimensional 
Hilbert space. Let a G Mor(M, M ® B{K)). A faithful normal unital completely 
positive map $ : M®B{K) — ^ M is called a left inverse of a if it satisfies $oa = id. 

We denote by Morg (M,M B{K)) the subset consisting of an element in 
Mor(M, M B{K)) with a left inverse. Note that if $ is a left inverse of a, a o $ 
is a conditional expectation from M ® B{K) to a{M). Although a left inverse 
is not uniquely determined in general, we always treat the following left inverses 
for cocycle actions. 

Definition 2.3. For a cocycle action (a, u) of G on M and vr G Irr(G), we define 
the map <l>° : M O B{H^) ^ M by 

<l>°(a:) = (1 ® T-*^X^^(a^® id)(a;)M^,,(l ® T^,,) for all a; G M ® 5 (/J,). 

We simply write $^ for $" if no confusion arises. The next lemma shows that 
$7r is actually a left inverse of a^^. 

Lemma 2.4. Lei {a,u) be a cocycle action of G on M and vr G Irr(G). 

(1) The map ^t, is faithful, normal, unital, and completely positive. 

(2) <l>^(a^(a)6a^(c)) = a^^{b)c for all a,ce M and b G M ®B{H^). 

(3) For any x G M , the following equality holds. 

{^^ ® id)(M^,7f(a: ® T^,^T;-)<-) = d-;^a^{x). 

9 



Proof. (1). It is clear that $7^ is a normal unital completely positive map. Assume 
$^(a;*x) = 0, and then we have {aj^ id){x)u^^T,{l (g) T^ ,r) = 0. Applying a,, to 
the first leg, we have 

[{a^ (g)id) o aw® id)(a;)(a^ (g) id(g)id)(-Ui=,7r)(l ® l^ ®Tw,t,) = 0. 

The equality implies 

= (1 ® T;^^ ® l^)«w ® 1-) ((a- ® id) o a^ ® id ) (a;) 

• (a^ (g) id (g) id) (■U:jf,7r) (1 (8 Itt ® T^,7r) 

= (1 ® T;^^ ® l,)(id®^A^® id)((a ® id)(a;)) 

• «^^ ® 1^)K ® id ® id)(M^,^)(l ® 1^ ® T^,^) 

= x{l (g) T;- ® 1„)«,^ ® l^)(a„ ® id ® id)(M^,,)(l ® 1^ ® Tw,^) 

= x{l ® T;- ® l„)(id®^A^ ® id)(M)(id® id®7^A^)(M*)(l ® 1^ ® T,?,^) 

= XMi,^(l (g T;- (g 1^) (1 (g 1^ (g Tw,n)u^,l 

Hence $^ is faithful. 
(2). It follows from 

^^{a^{a)b) = (1 (g T^Jv^^^{aw'S)id){a^{a)b)uw^^{l (g T^,„) 

= (1 ® T^^J(id®^A,)(a(a)X^^(a^® id)(6)M^,,(l ® T^,,) 

= a(l ® T-*^)Ml^(a^® id)(6)M^,,(l ® T^,,) 

= a<I)^(6). 

(3). For a; = 1, we have 

(<i>^ ® id)(M^,^(i ® T,,^r;-))M;-) 

= ($, ® id)K,^(l (g) ^A^(ei))<^^) 

= (1 ® T;^^ ® W) (mI ^ ® W) (a^ ® id ® id) (m^,7f) 

■ (1 ® 1^® ^A^(ei))(a^® id® id)«^^)(M^,„ ® W)(l ® T^,^ ® M 
= (1 ® T^^^ ® W) (id ®^A^ ® id) (m) (id ® id ®^ A^) (m*) 

■ (1 ® 1^0 ^A^(ei))(id®id®^A^)(M)(id®^A^ ® id)(M*)(l ® T^,^ ® 1^) 
= (1 ® T|^^ ® W)(l ® W ® ,A^(ei))(l ® T^,, ® 1^) 

Then the desired equality follows from 

($^ ® id){u^,w{x(gT^,wT*^w))<,w) 

= (<I>^ ® id)(M^,^(l ® ^A^(ei))(id®^A7f)(a(a;))<-) 
= (<I>^ (g id)(M^,^(l (g ^A^(ei)X^^(a^ (g id)(a^(x))) 
= {^^ (g id)(M^,^(l (g ^A^(ei)X-)a^(a;) 
= d~'^aw{x). 

D 
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On a composition of left inverses, the next lemma holds. 

Lemma 2.5. Let {$7r}7reirr(G) be the left inverses of a cocycle action {a,u) as 
before. Then for all x E M (S) B{Hj,) ^ B{Hp), one has 

$,(($. ®id)K,,x<J)= Y. E ^$.((1®T*M1®T)). 

Remark 2.6. This summation does not depend on the choice of an orthonormal 
basis of (cr, vr ■ p). 

Proof. We use the leg notations indexed by irreducible representations to repre- 
sent positions in tensor products. Set T^.p = T-T^^^Tp^p = T-p^pT-T^^T, G (l,p-7f-7r-p). 
We verify the desired equality as follows. 

^p[{^^®i(\){uxu*)) 
= (1 (g) T*.p)up^^ap{u*^.^)ap{a^{uxu*))ap{u^^^)u-p^p{l ® T^.p) 
= (1 O T;.^)M^^^ap«,^)Mp,^((id(g)pA^) o a{uxu*))up-a^{u^^^)u-p^p{l ® T^.p) 
= (l®T;.^)M^^^(id®idp®7fA^)(M)(id®pA^®id^)(M*)((id®pA7r)oa(Ma;M*)) 

■ {id®p^^®\d^){u)(id®idp®^^^){u*)u-p^p{l®T^.p) 
= (l®T;.^)M*^^(id®pA^®id^)(M*)((id®pA^)oa(Ma;M*)) 

■ {id®p^^®\A^){u)u-p^p{l ® T^.p) 

= (1 ® T;.^)M*^^(id ®pA^ ® id^ ® \Ap) {{u* ® lp)a{uxu*){u ® lp))u-p^p{l ® T^.p) 
= {l® T;.^)M^^^(id ®pA^ ® id^ ® idp) ((id ®A ® id) (m) (id® id ®^){u*)a{x) 

■(id®id®A)(M)(id®A®id)(M*))Mp,p(l®T„.p) 
= (l®T;.^)M*^^(id®A(')®id^)(M)(id®pA^®,Ap)(M*)(id®pA^)(a(a;)) 

■ (id ®^A^ ® ^ A^) {u) (id ® A(2) ® id^) {u*)u-p^p{l ® T^.p) 
= {l® T;.^)M^^^Mp,p(id®pA^® ,Ap)(M*)(id®pA7r)(a(a;)) 

■ (id ®^A^ ® ^^p){u)u*p^pU-p^p{l (g) T^.p) 

= (l®T;.^)(id®^A^®,Ap)(M*)(id®^A^)(a(x))(id®pA^®,Ap)(M)(l®T,.p) 
= (1 ® T*.p) (id ®pA^ ® id^ ® idp) ((id ® id ®^Ap) {u*)a{x) (id ® id ®^Ap) {u)) 

■ (1 ® T^.p) 

= Y^ Y^ (1®T;.^)(1®S® l^®lp)(id®id^®^Ap)(M*)a^(a;) 

■ (id® id^®^Ap)(M)(l ®S*®U® lp)(l ® T^.p) 
= Yl Yl ^(l®T^V)(l®la®^*)(id®id^®.Ap)(M*)a^(x) 

■ (id®id^®^Ap)(M)(l® 1^®^)(1®T^,^) 
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E E -Jir^^ ® TloXA^ ® l^®S*)a^{x){l ®1^®S) 



CT-^TT-p S'eONB(CT,p-7r) '^ P 






E E -^^M®S*)x{l®S)) 



O-^TT-p 5GONB(CT,p-7f) ^ P 

= E E ^<^<.((i®n:^(i®2^))- 

o-^7r-preONB(cr,7r-p) '^ ^ 

U 

Next we recall the notion of freeness for a cocycle action. 

Definition 2.7. Let (a, u) be a cocycle action of G on a von Neumann algebra 
M. Then it is said to be free if for any tt G Irr(G) \ {1}, there exists no nonzero 
element a & M ® B{Ht^) with a{x ® Ijr) = a.,^{x)a for all x G M. 

Note that freeness is stable under perturbation, that is, a perturbed cocycle 
action of a free cocycle action is also free. The following lemma is essentially 
proved in [TT|, Lemma 5.1]. 

Lemma 2.8. Let {a,u) he a free cocycle action of Q on a von Neumann algebra 
M. Then a^{My r]{M® B{H^)) = a^{Z{M)) holds for any n G Irr(G). 

Proof. Take an element a in a^(M)' fl (M B{Ht^)). Then for any x G M, the 
equality aaT,{x) = aT,{x)a holds. Applying a^j^ to the first leg, we have 

(a^f ® id^)(a)(a7r(g)id^)(a^(a;)) = (a^® id^)(a^(a;))(a7r(g) id„)(a). 

By definition of a cocycle action, 

u^^^{aw'S)id^){a)u^^^{id0wA^){a{x)) = (id(g)7fA^)(a(x)X^^(a^(g) id^)(a)M^,^. 

Then 

(1 (g> T^_^X^^(a^ (g) id^)(a)M^,^(id ®^A^)(a(x)) 
= (1 O T|^^)(id (g)7fA^)(a(x)X_^(a^ (g) id^)(a)n^,^ 
= x(l (g) r^^^X^^(a^® id^)(a)u^,„. 

Multiplying S E {a,n ■ n) from the right, we have 

(1 ®T^^^X^,(a7f ® id^)(a)M7f,^(l ® S)a^{x) 

= x{l ® T^^J<_,(a^ ® id,)(a)M^,,(l ® 5). 

Since (1 ® T^^^)Ml^(a^® id^)(a)M^,^(l ® S) G M ® B{H^,H-i), this is equal to 
for cr 7^ 1 by freeness of a. Using the equality 

Cr^TT-TT 5GONB(cr,7f-7r) 
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we obtain 

= $.(«)(! ®T^, J. 

This equality implies that ^-niah) = $„(a)$^(6) for all a,b e aj,{M)' fl (M (g) 
B{H^)). Note that <l>^(a) G Z(M). Hence on a^(M)' n (M O B{H^)), the map 
$,r is a faithful *-homomorphism to Z{M). Since ^„ maps q;^(Z(M)) onto Z(M), 
we have a^(M)' n (M (g) 5(i7^)) = a^{Z{M)) by the faithfulness of $^. D 

As an application of the previous lemma, we can show that a free cocycle action 
of a discrete Kac algebra preserves a center, although this result is unnecessary 
for our study. Let (a, u) be a free cocycle action of G on M. By Lemma 12. 8[ 
we have a^(M)' n (M (g) B{H^)) = a^{Z{M)). Clearly Z{M) ® Cl^ C a^(M)' n 
(M ® B{H^)) holds. Hence Z(M) ® Cl^ C a^{Z{M)). In fact, they are equal 
as is shown below. For any z G Z{M), there exists 6jf{z) G Z{M) such that 
a;7r(6'i-(-2)) = 2; (g 1^. Applying $7^ to the both sides, we have 9w{z) = ^n{z (g 1^). 
Thus 

= (1 ® T^^ J<^,(a^(^,(2;)) ® 1,)m^,,(1 ® T^,^ 
= (1 ® T^,)m1^(2; ® 1^® K)u^,n{^ ® T^ 



- 7r,7ry 



Hence 6^ G Aut(Z(M)) and a^{z) = e^{z) (g U for all z G Z(M) and vr G Irr(G). 
Moreover by definition of a cocycle action, for z G Z{M) and tt, a G Irr(G) we 
have 

Oni0aiz)) 0U0U =a^{9aiz)) (g 1^ 

= (a^(gid^)(a^(2;)) 

= M^,a(id (g^A^)(a(2;)X_^ 

= ^ M^,(^(id(g^A^)(ap(2:)X,^ 

= y^ Un,a9p{z) (g^A^(lpX,^. 

Applying Ad u-„^o- to the above equality, we obtain 

O^Oaiz)) ® 1, ® 1, = ^ Opiz) ® ^A<,(lp). 

p^7r-cr 

Hence ii p, p' ~< it ■ a, then 6'p = 6p/. Summarizing these arguments, we have the 
following lemma. 

Lemma 2.9. Let {a,u) be a free cocycle action of G on M. Then there exists a 
map 9: Irr(G) ^Aut(Z(M)) such that 

(1) a^{z) = e^{z) (g) U for all z G Z{M) and vr G Irr(G). 

(2) e^oe^ = id for all vr G Irr(G). 
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(3) If p ^71 ■ a, then 9^ o 6^ = Op. 
In particular, a preserves the center Z{M). 

We close this subsection with a criterion on the invariance of a trace. 

Proposition 2.10. Let {a,u) he a free cocycle action on a finite von Neumann 
algebra M with a normalized trace r. 

(1) The equality (r Ttt) o a-,^ o (^^ = t ^t^^ holds for all n G Irr(G). 

(2) If u = 1 and (r r^) o a^ = r for all n G Irr(G), then the action a 
preserves r, i.e. (r ^ id){a{x)) = t{x)1 holds for all x G M . 

Proof. (1). Since a^(M)' n (M ® B{H^)) = a^{Z{M)), a^ o $^ is the unique 
conditional expectation from M B{Ht^) to a.,^{M). Hence the map preserves 
the tracial state r r,r, that is, (r ® Ttt) o a^ o ^^^ = r t.„. 
(2). By (1), the equality r o ^^^ = r (g) r^r holds. Since 

^n{x (g) e^^J = (1 ® T;j{aj,{x) (g) e,^J(l ® T^^^) 

= (1 ® T-* J(l ® e^__ ® l.)(Mx) ® 1,)(1 ® e^„ ® 1^)(1 ® T^ 

'' I,- 



■ TT, Try 



[X 



we have 



c^7r^^(a^7T(^)) = (^ ® ^7r){x ® e^^_J = 4^5ijr(a;). 



D 



2.5. Crossed products and dual functionals 

We collect well-known results on crossed product von Neumann algebras. Let 
M be a von Neumann algebra and a an action of G on M. The crossed product 
is the von Neumann subalgebra M xi„ G in M (8> -B(L^(G)) defined by 

M x„ G = a(M) V (C ® L°°(G)). 

Set an element A^ = 1 ® K- G (M x„ G) (g) L°°(G). Then in fact the crossed 
product M Xq G is the weak closure of the linear space spanned by {a{x)XT^. . \ 
X & M, TT G Irr(G), i^j G I-,,}. Now define a unitary V by 

y = S(l®f/)\/(l®f/)S, 

where S is the flip unitary on L^(G) (8>L^(G). Then V is a, multiplicative unitary 
in L~(G)' ® L°°(G) and satisfies 

V^i3Vl2V;*3 = 1/12^32. 

Consider the action Ad(l ® V)(- 1) on M (g) i?(L^(G)). It actually preserves 
M Xq G, and the restriction gives an action of G on M x^ G. It is called the dual 
action of a and denoted by a. By definition, we have 

a{a{x)) = a{x) ® 1, a{K^J = ^ A^^_, ® t;^,_. 

fcG/,r 

for all 71 G Irr(G), i, j G /tt. 
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Recall a normal functional e.,^^ G L°°(G)* defined in §2.2. Set linear maps P■,^^. 
and P,r on M x1q,G by P.„^ . = {id® id (^6^,^ .) od and P^ = Xlie/ P-^ai respectively. 
In particular, P\ = (id ®/i) o a is a faithful normal conditional expectation from 
M Xq G onto the fixed point algebra (M Xq, G)°. We write Ea for Pi. The 
following equalities are directly verified by easy calculation. Let vr,p G Irr(G), 
i,j G In and fc, £ G Ip. Then we have 

(ii) P,r(a(a)Ap^,a(6)) = 5^,pa(a)A^^,a(6), 
{^n)P^ = Pn. ' 

In particular, the map Ea is a conditional expectation from M XiaG onto Q;(Af). 
The above equalities yield 

(i) E&{{a{b)Xp^^ya{a)\n^^) = 5n^p5j^ea{^n{b*a iS) e^^J), 
(ii) Es,(a{a)K^^{a{b)Xp^y) = Sn^pSi^kSj,ed:;;^a{ab*). 

The first equality implies Ea{P-K{x)*y) = Pq,(x*P^(|/)) for all x, y G M Xq, G. 

For a normal functional ^ G M*, put 9 = 9 o a^^ o E^- It is called a dual 
functional of 6'. When 6' is a state, 9 is called a dual state. From the equalities 
on Ea, we have 

(i) 9{{a{b)Xp^^ya{a)Xn^^) = (5^,p5j-£^(<l'^(6*a ® e^, J), 
(ii) ^(a(a)A^^^(a(6)Apj^J)*) = 5n^p5i^k5j,d^^d{ab*). 

In constructing a tower base in §5, we need these equalities for a dual state of 
a trace. The next proposition characterizes when a dual state of a trace is also a 
trace. 

Proposition 2.11. Let M be a finite von Neumann algebra with a faithful normal 
tracial state r. Then the dual state f is tracial if and only if all the left inverses 
{"^TrJTrGirrCG) preserve the trace r. 

If a is a free action on a finite factor, then the left inverse ^^r preserves the 
trace for all vr G Irr(G) by Proposition 12.101 Hence a dual state of the unique 
tracial state is also tracial. 

Finally in this subsection, we study the relative commutant a{A)' n (M x^^ G) 
for a free cocycle action (a, u) and a von Neumann subalgebra A C M. In 
order to avoid ambiguous arguments on formal expansion of elements in a crossed 
product, we introduce the map 5", which picks up coefficients of arbitrary elements 
of M x„ G. 

Lemma 2.12. Set L°°(G)^ = span{f7r- . | «, j G /^} for each vr G Irr(G). 

(1) For each vr G Irr(G), the elements {Xj^- }i,je/^ is a basis for the M-left 
module a{M){C®L^{G)n). 

(2) For each vr G Irr(G), the linear space a(M)(C ® -L°°(G)^) is a-weakly 
closed. In particular, P^i^M x„ G) = a(M)(C ® L°°(G)^). 
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(3) For any element x G Mxi^G, consider the element J {x) = {Pj^{x))j^ in the 
linear space IlTreirrfG) c>:{M'){C ® L°°{G)t,). Then the map 3": M xIq, G^ 
riTreirrfG) <^(^)(C (S> L°°{G)Tr) is an injective linear map. 

Proof. (1), (2). We know the equality E&{a{a)\^^^\l^J = d:^'^6^^^6i^kSj^ia{a). 

For X G M xia G, define a element Qt^. .{x) E M by a{Q-„- (x)) = d^^Esi^xXl.. .). 
Hence the map Q^^. . catches the coefficient of A^. . , so that they give a basis over 
M. Indeed, the o"-weak continuity of this map shows the o"-weak closedness of 

(3). Assume P^{x) = for all vr G Irr(G). Since E&{P^{xyy) = E&{x*P^{y)) 
for all 1/ G M x^ G, Es,{x*P^{y)) = for all tt G Irr(G) and y G M x^ G. Since 
the linear space generated by {Pt,{M xIq, G)}7reirr(G) is dense in M xi^ G and E^ 
is faithful, we have x = 0. D 

Let A be a von Neumann subalgebra of M. Its global invariance for a is not 
assumed here. Set R = a^A)' fl (M x^ G). Since G trivially acts on a{A), 
it preserves R. Hence the von Neumann algebra R is the weak closure of the 
linear space generated by {-P7r(-R)}7reirr(G)- Assume that for some n G Irr(G), 

P-k{R) is not zero. Take a nonzero a = y, (^{^*i,j)'^■^^,j i'^ Ptt{R)- For x G A, 

aa{x) = a{x)a holds. Using \T,-^{a{x)) = >^ a{aT,.^{x))\T,^^, we have 

fce/,r 

Then a = 2, ^i,j ®^-Kij satisfies a{x® 1^) = aT,{x)a for all x G A. Summarizing 

these arguments, we have the following lemma. 

Lemma 2.13. Let A be a von Neumann subalgebra of M. Then the relative 
commutant a{Ay fl (M Xq, G) is not equal to a{A' fl M) if and only if there exists 
TT G Irr(G) \ {1} and a nonzero a E M ® B{Ht^) such that 

a{x (g> Ivr) = aT^{x)a for all x E A. 

Applying it to the case that a is free and A = M, we can derive the following 
well-known results. 

Theorem 2.14. Let a be an action of G on a von Neumann algebra M. Then 
it is free if and only if the relative commutant a^M)' fl (M x^, G) is equal to 
a{Z{M)). 

Corollary 2.15. Let a be a free action of G on a factor M of type IIi with the 
tracial state t. Then the relative commutant a(M)' fl (M x^, G) is trivial. In 
fact, M y\aG is a factor of type IIi whose tracial state is given by f. 
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3. Ultraproduct von Neumann algebras 

After Connes's classification of cyclic group actions on the AFD factor of type 
III, "we have enjoyed benefits of ultraproduct techniques in studying actions of 
various groups. In those circumstances, it is a key that an automorphism on a 
von Neumann algebra induces an automorphism on its central sequence algebra. 
Although general Kac algebra actions do not have such a property, the ultra- 
product technique plays an essential and important role for approximately inner 
actions. We begin with the notion of a convergence of homomorphisms. 

3.1. Liftable and semiliftable homomorphisms 

Fix a free ultrafilter uo on N. For a separable von Neumann algebra M, we 
recall the definition of the ultraproduct von Neumann algebras M'^ and M^. Let 
To; be the set of bounded sequences converging to strongly* in the ultralimit. 
We denote by 3sf(Tt^) the C*-subalgebra of £°°(N, M) normalizing T^^. An element 
{xn)n in ^°°(N, M) is called uo- centralizing if 

lim II [0, Xn] II = for all G M*. 

The C*-algebra of cj-centralizing sequences is denoted by C^^ which is a C*- 
subalgebra of [)\f(T(^). Set the quotient C*-algebras TW^ = 3\f(Ta;)/Ttj and 
M^^ = Quj/7^. The quotient map is denoted by q. Then they also have the 
preduals and hence are von Neumann algebras. We say that (a;„)„ G £°°(N, M) 
is a representing sequence of x G iVf^ if a: = g((a;„)„). For u G ?7(M'^), we always 
take a representing sequence {un)n of u such that m„ G U{M) for all n. Define 
a map r'^: M'^ ^ M by t^{x) = lim x„ for a representing sequence (x„)„ of 

n— >a; 

X G Af^. The convergence is taken in the a- weak topology of M. Then it is a 
faithful normal conditional expectation from Af^ onto M. Note that r"^ is tracial 
on M^ and r'^lM^^) = Z[M). The restriction of r'^ on M^ is denoted by r^. 

Now we define the notion of convergence of homomorphisms and their left 
inverses. 

Definition 3.1. Let M be a von Neumann algebra and K a finite dimensional 
Hilbert space. Let «„, jS G Moro{M, M (^B{K)), n eN, with left inverses $„ and 
$, respectively. We say that the sequence of the pairs {(an,$n)}neN converges 
to {f3, $) if 

hm 110 o $„ - o $11 = for all G M*. 

For a finite dimensional Hilbert space K, we always identify {M®B{K))^ with 
M"^ ® B{K) in a natural way. Let a„, /9 G Moro(M, M O 5(7^)), n G N, with left 
inverses $„, ^^ ^ n E'H, respectively. Assume that (a„, ^n) converges to (/9, <l>'^). 
Define the maps a: £°°(N, M) ^£°^(N, M) ® 5(ir) and $: £°°(N, M) ® B{K) ^ 
£°°(N, M) by 

'-'^^'''ra/n/ l^'-^nl^-^nj/rn ^^•''rajra/ l^^nl^-^nj/ra- 

Lemma 3.2. /n i(/ie above situation, the following conditions hold. 
(1) a(T^) C T^ 5(ir), $(T^ ® B{K)) C X.. 
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(2) «(N(T^)) C X(T^) ® B{K), $(X(T^) ® B{K)) c X(T^). 

Proof. (1). Let (x„)„ G T^^ with sup„ ||a;„|| < 1 and G M* a faithful normal 
state. Then 

2||ttn(a;n)|l5fo$/3 = o $'^(a„«x„ + x„<)) 

= (0 o $^ - o $„)(«„ (x;;a;„ + x„x;)) + (0 o (^n){an{xlxn + x„x;)) 
< 110 o $^ - o $„|| ■ 2||a;„f + 0«a;„ + a;X) 
<2||0o$'3-0o$„||+2||a;„||J^ 

as n ^ a;. It shows that a preserves T^^. 

We next show that $ preserves T^. Let (x„)„ G 7^^B{K) with sup„ ||a;„|| < 1 
and be a faithful normal state on M. Then 

2||*n(a;n)|l!f =0($„«)$„(a;„) + <l>„(x„)<l>„(x;)) 

= (0 O $„ - O <I>'^)(X>„ + X„0 + O $^(x;X„ + XnXl) 

<2||0o$„-0o$'3||+2||x„||«J,^, 
^0 

as n ^ c^. Hence $(T^ i?(-ft')) C T^^. 

(2) Let {xn)n e >J"(01;) with sup„ ||a;„|| < 1 and (y„)„ E 7uj ® B{K) with 
sup„ ||y„|| < 1. Then we have 

\\ynan{Xn)\\l„<^p = (j) O ^^ {an{x*Jy^ynan{Xn)) 

= (0 o <|)^ - o <l>„)(a„«)i/*i/„a„(a;„)) 

+ o $„(a„«)i/*i/„a„(x„)) 
< 110 o <|>^ - o <|>„|| + 0(x;<l>„to„)x„). 

By (1), ($„(|/*|/„))„ G T^. Hence the right hand side converges to as n ^ cu. 
Similarly we can show that |/*Q;(a;*) converges to strongly as n ^ c<j. Hence a 
preserves [)\r(Ta;). 

Next we show that $(K(T^) ® B{K)) C X(T^). Let (x„)„ G X(T^) ® B{K) 
with sup„ ||a;„|| < 1 and {yn)n E 7^ with sup„ \\yn\\ < 1- Then 

||l/n*n(a:„)||J=0($„«Xl/„$n(a;n)) 

= 0(<l>„«a„(|/*))<l>„(a„(|/„)a;„)) 

<0o$„(a;;a„to„)a;„) 

= (0 o $„ - o $'^)(x>„(|/;i/„)x„) + o $^(x>„(|/;i/„)x„) 

< 110 o $„ - o ^/^ll + ||a„(i/„)x„|| J„^/3. 
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Since (««(!/„))« G T^^ ® B{K), the right hand side converges to as n ^ a;. 
Similarly we can show that {yn^n{Xn))n strongly converges to as n ^ cj. Hence 

$(K(T^)®5(i^))cX(T^). D 

By the previous lemma, we can induce the maps a: M^ — > M'^ ® B{K) and 
$: M"^ ®B{K)^M^ defined by 

a{x) = {q® id)((a„(a;„))„), $(a; ®y) = g(($„(a;„ ® y))n) 

for all X = g((x„)„) G Af^ and y G B{K). Note that $ preserves M^, that is, 
$(714, ® C) C M^. Indeed, for any (a;„)„ e Q^, (() e M^ and y e M we have 
[(/), $n(x„ O 1)] (y) = [0 o $„, a;„ O 1] {an{y)) and hence 

II [0, <l>„(x„ ® 1)] II < II [0 o $„, a;„ ® 1] II 

<||[0o<|.„-0o<|.'3,x„®l]|| + ||[0o<|.'3,a:„®l]|| 

<2||0o$„-0o$'3||||a:„|| + ||[0o$'3,a;„®l]|| 

as n ^ cj. We verify a G Mor(M'^, Af^ ®B{K)) and $ is a left inverse of a. The 
nontrivial points are faithfulness and normality of them. Since $ o a = id, a is 
faithful. For $, we claim that the following equality holds. 

Once we prove this equality, the faithfulness and the normality of $ immediately 
follow. Moreover with the equality $ o a = id, it also derives the normality of 
a. Now we prove the claim as follows. Let G M* and x G M'^ ® B{K) with a 
representing sequence (a;„)„. Then we have 

0(r- o $(x)) = lim 0($„(x„)) 

= lim(0o$„-0o$'^)(a;„) + 0o$'^(x„) 

n— >a) 

= (/.($^((r"®id)(x))), 
where we have used lim ||0 o $„ — o $^|| = and the normality of $^. We 

ra— »oo 

summarize these arguments in the following lemma. 

Lemma 3.3. Let M be a von Neumann algebra. Consider an, 13 G Moro(M, M® 
B[K)), n & N, with left inverses $„, $'^, respectively. Assume that (q;„, $„) 
converges to {f3, $'^) and define the maps a and $ as before. Then a G 
Moro(M'^, Af^ B{K)) and ^ is a left inverse of a. Moreover we have 

r'^o$ = $^o(r'^®id). 

Definition 3.4. Let a G Moro(M'^, Af^ O B{K)) with a left inverse $. 

(1) We say that the pair {a, $) is semiliftable if there exists (q;„, $„) and 
(/9, <l>^) which induce {a, $) as in the previous lemma. 

(2) We say that the pair {a, $) is liftable if the pair is semiliftable and we can 
take an = P and $„ = $^ for all n eN. In this case we write P'^ for a. 

19 



(3) For a cocycle action {P,w) of G on Af^, we say that it is semiliftable 
or liftable if the pairs {Pn,^^), tt G Irr(G), are semihftable or hftable, 
respectively. 

Definition 3.5. Let (a, $) be a pair of a G Moro(M, M B{K)) and a left 
inverse $ of a. 

(1) We say that the pair is approximately inner if there exists a sequence of 
unitaris {«„}„ C M B{K) such that the pair (Ad-u„(- ® 1), (id®T;^) o 
Adw*) converges to («,$)• 

(2) For a cocycle action (q;,-u) of G on M, we say that it is an approximately 
inner cocycle action if for each vr G Irr(G), the pair (ajr) "^vr) is approxi- 
mately inner. 

In the above situation, the pairs {(Ad-Un, (id^r^^) o Ad'u*)}„ induce the 
semiliftable pair (Adf/, {i(\®tk) o Adf/). By the previous lemma, we have 

(r'^ ®tk)oMU* = ^o (r'^ ® id). 

If we apply this equality to a'^, we have the following equality by using (r"^ ® 
id) oa"^ = aor'^, 

(r'^®rx)oAdf/*oa^ = r^. 

Next we prepare a useful lemma which characterizes elements in C(^ (S> B{K). 

Lemma 3.6. Let M be a von Neumann algebra, K a finite dimensional Hilbert 
space and tk a normalized tracial state on B{K). Then an element (a„)„ G 
£°°(N, M)(g)B(ir) IS int^®B{K) if and only if lim ||[V^®rx, a„]|| =0,'tp e M^. 

Proof. The following equality is easily verified. 

[ip O Tk, a„] = ^[V^, (a„)ij] O (rx)eij, 

where {ejjjjj is a matrix unit of B{K). Hence if {an)n & ^ui ® B{K), then 
lim ||[V' ® Ti^,an]|| = 0. Suppose lim ||[V' ® tx, a„]|| = 0. Since [ilj,{an)i,j]{y) = 

n— >oo n— »oo 

[ip ® TK,an\{y (^ Cj^i), we have IKV", (an)ij]|| < ||[^ ® rx,a„]||. Hence {an)n e 

e^®B{K). a 

If {a, $) is approximately inner, there exists a unitary U G M'^ (g> B{K) as 
before. Then consider the map 7 = Ad f/* o a'^. By definition of the approximate 
innerness, (7, $ o Ad U) is semiliftable. Indeed, the pairs (Adw* o a, <|> o Ad-u„) 
converges to (■ Cg> 1, id®rx). Since a = AdU{- ® 1) on M, 7 fixes M and hence 
preserves M' fl M^. In fact, 7 preserves M^^ as is shown in the following lemma. 

Lemma 3.7. Let a G Motq{M, M ® B{K)) be a *-homomorphism with a left 
inverse $. Assume that the pair (a, $) is approximately inner. Take a sequence 
of unitaries {«„}„ C M Cg> B{K) with 

lim ||(0(g)r/^) o Adw* -0o$|| = for all (j) G M*. 

5*6^ ?7 := {un)n £ ^°°(N, M B{K)) and then the following statements hold. 

20 



(1) U eJ<{7^) ^B{K). 

(2) The *-homomorphisms AdU* oa and AdU*{- ® 1) from f°°(N, M) to 
e'^iN, M) ® B{K) preserve 7^, X(T^) and 6^. 

Proof. (1). Let (x„)„ E 7^^ ® B{K). Fix a faithful normal state on M. We 
show lim llMnXnllL* = lim Ikn^nllL^^ = 0. It is trivial that lim ||m„x„||^®^^ = 
= lim ||«|U^rx- On ||a;„M„||^0^^, we have 



= (0 (g) Ti^) O Adu*^{x*^Xn) 

= {{(p 0TK)oAdu*^-(f)o <l>)«a;„) + o <l>«a:„) 
< 11(0 ® Ti^) o Ad< - o $11 \\xnf + ||a;„|| J„^ 

as n ^ c^;. Next we show that {a;*^*} converges to cr-strongly as follows, 

II * *1|2 A\( (f^( * *^^ 



o $ - (0 (g) tk) o Ad M* ) (M„a;„x* M* ) + (0 ri^)(x„x* 

* 11^ 

n 1 1 (f)<S)Tjf 



< ||0o$- {(I) ® tk) o Ad u*J\\xnf + ||a;*"^ 
^0 



as n ^ u. Hence f/ = («„)„ G K(T(^) (g) B{K). 

(2). Set 7^ := Adw* oq; and ^n{,x) := $('U„a;-u*). Note that $„ is a left inverse 
of 7^. By assumption, we have lim 11-0 o $„ — -0 (g rft-|| = 0. Let (a„)„ G C^^ be a 

n— >oo 

centralizing sequence. By the previous lemma, it suffices to show lim || [7^(a„), -0® 
Tx]|| = 0. We may assume ||a„|| < 1. Then for a; G M (g B{K), 

\[-fl{an),iJ^ rK]{x)\ =\[-fl{an),iJo $„](a;)| + |[7;^(a„), ^ ® r^ - V o ^n]ix)\ 

< II K, iIj]\\ ||$„(x)|| + 2||^ ^TK-ipo<^J \\x\\ 

< II [an, ^]\\ \\x\\ + 2\\^ ® rx - ^ o $„|| ||a;||. 

Hence we have ||[7^(an)5'0®Tii:]|| < ||[a„,-0]|| +2||-0(grx — "00 $„||, and it follows 
that lim ||[7^(a„),'0 (g Ti^] || = because (a„)„ G 6^^. 

n— Xi) 

Next set 7^ = Ad<(- ® 1) G Mor(M, M ® 5(7^)). Let (a„)„ G C^ with 
sup„ ||a„|| < 1. Then 

II [0 ® ^i^, 7n(a„)] II < II [0 ® r^ - o $„, -fl{a„)] \\ + || [0 o $„, 72(a„)] || 
<2||0(g Tx - 0o $„|| + II [0O $,a„ (g 1] o Ad-u„|| 
= 2||0®rx-0o$„|| + ||[0o$,a„®l]|| 

as n — s> a;. D 
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In the end of this subsection, we state a simple criterion of approximate inner- 
ness of homomorphisms of the AFD factor D^q of type IIi. For the sake of this, 
we prove the following lemma. 

Lemma 3.8. Let a, «„ G Moro(M, M (g) B{K)), n G N with left inverses $ 
and $„, n G N, respectively. Fix a faithful normal state G M*. The following 
conditions are equivalent: 

(1) lim ll"?/' o $„-■?/; o $11 =0 for all ip e M^. 

(2) lim 110 o $„ — o $11 =0 and lim an{ci) = a{a) strongly for all a G M . 

Proof. First note that ||'0a|| < ||-0||||a||, '^aip'^ < ||-0||||a||, ||0a|| < a/||0|| \\Ci*\\<p and 
||fl||| < II'^0IIII'^II for if) G M^, and a positive G M*. 

(1) ^ (2). We will show lim ||a„(a) — a(a)||(/,o# = as follows. 

n^oo 

||a„(a) -a(a)|||o<j, < ||(a„(a) - a{a)) (0 o $) ||||a„(a) -a(a)|| 
<2||a||||Q;„(a) ■ (0 o $ - o $„) || 

+ 2||a|| ||Q;„(a) ■ (0 o $„) - a{a) -(0 0$) || 
<2||a||^||0o $ - 0o $„|| +2||a||||(a0) o $„ - (a0) o $|| 

as n ^ oo. 

(2) ^ (1). At first we verify lim ||(0a) o $ — (0a) o $„|| = 0. This is shown as 

follows. 



/)a) o $ - (0a) o $„|| = II (0 o $) • a{a) - (0 o $„) ■ «„(a)|| 
<||(0o$).a(a)-(0o$).a„(a)|| 

+ II (0 o $) ■ a„(a) - (0 o $„) ■ a„(a)|| 
< ||«(a*) - a„(a*)||<^o<E. + ||0 o $ - o $„|| ||a|| 

as n ^ oo. Since {(j)a}aeM is dense in M*, we are done. D 

Lemma 3.9. Let D^q ^e the AFD factor of type IIi with the tracial state r. Let 
a G Mor(3lo,3lo (S> B{K)) with a left inverse $, where K is a finite dimensional 
Hilbert space. Assume that $ preserves the trace, i.e. t o ^ = t ®tk. Then the 
pair (a, $) is approximately inner. 

Proof. Let Mi C M2 C . . . be an ascending sequence of finite dimensional sub- 
factors of CRo whose union is dense in "JIq. Let {e^j}i,j be a matrix unit for M„. By 
the uniqueness of the trace on 'JIq, (r ® tk) o a = t holds. Hence the projections 
a(e"j) and e^j ® 1 are equivalent in CRq ®B{K) for all i. Take an element io and a 
partial isometry m„ in 'JIq®B{K) such that m„m* = a;(e"g ^^) and M*Mn = e"^ ^^ ® 1. 
Set 
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Then it is a unitary in "JIq (g) B{K) and a{x) = Ad u„(x (S> 1) holds for all x G M„. 
Set $„ = (id(8)rft:) o Adw*. We show that the pair (AdM„(- Cg) 1), $„) converges 
to {a, $). It is easy to see that AdM„(x ® 1) strongly converges to a{x) for all 
X e 3^0- The condition lim ||ro$„ — ro$||=Ois trivial because the maps $„ and 

n— »oo 

$ preserve the trace r. Hence by the previous lemma, (a, $) is approximately 
inner. D 

3.2. Strongly free cocycle actions 

In this paper, we frequently make use of the next two results. Since they are 
proved in a similar way to proofs of [Ucl[ Lemma 5.3, Lemma 5.5] with a little 
modification, we omit proofs. 

Lemma 3.10 (Fast Reindexation Trick). Let M be a von Neumann algebra. 
Let N and S be countably generated von Neumann subalgebras of M^ , and B 
a countable family of liftable homomorphisms whose elements are of the form 
j3^ with (3 G Moro (M,M ® B{Kp)), where Kp is a finite dimensional Hilbert 
space. Take a countably generated von Neumann subalgebra N C M^ satisfying 
/S'^IN) C iV O B{Ki3) for all /J'^ e B and N C N. Then there exists a map 
^ G Mor(iV, M"^) such that 

(1) ^ is identity on NnM, 

(2) "^(NnM^) cS'nM^, 

(3) T'^^a'^^^x)) = r^{a)T'^{x) for allxeN,ae S, 

(4) /?^(^(x)) = (* ® id)(/3"(x)) for all xeN, p'^ eB. 

Lemma 3.11 (Index Selection Trick). Let M be a von Neumann algebra. LetC be 
a separable C* -subalgebra o/£°°(N, M"^), and B a countable family of semiliftable 
homomorphisms, which is of the form (3 E Mor(M^, M'^ ® B{Kp)) with a finite 
dimensional Hilbert space Kp and also acts term by term on £°°(N, M*^). Take 

a C*-algebra C containing C and preserved by each [3 E B. Then there exists a 
*-homomorphism \I': C—>-M'^ such that for any x = {xn)n G C 

(1) r'^(^(x)) = lim r'^(x„) weakly, 

n—nj 

(2) "^ (x) = X if Xn = X for all n, 

(3) ^(J) G M^ if Xn E M^ for all n, 

(4) (^®id)(y) =p{'^{x))forl3EB andy = {(3{xn))n e i'^iN, M^^B{Kp)). 

We define the notion of strong outerness of homomorphisms, which plays a 
central role in making Rohlin projections. 

Definition 3.12. Let M be a von Neumann algebra and 7 G Mor(M'^,M'^ ® 
B{K)). Then we say that 7 is strongly outer on M^ (or simply strongly outer) if 
for any countably generated von Neumann subalgebra S C M'^, there exists no 
nonzero element a E M^ B{K) with 'y{y)a = a{y ® 1) for all y E S' H M^. 

For P E Moro(M, M CS) B{K)), (3 is said to be strongly outer if (3^ is strongly 
outer on M^^. Actually the strong outerness does not depend on tu G /3N \ N. 
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Definition 3.13. Let M be a von Neumann algebra and {a,u) a cocycle action 
of G on M. We say that {a, u) is strongly free if a-^ is strongly outer for any 
nontrivial vr G Irr(G). 

It is easy to see that strong freeness implies freeness, but the converse does not 
hold in general. Note that if M is the AFD factor of type IIi, then the strong 
freeness and freeness of a cocycle action are equivalent, which is obtained by a 
similar argument to |C3l Lemma 3.4] (see Corollary 18.61 in Appendix). 

4. COHOMOLOGY VANISHING I 

Let M be a von Neumann algebra and G = (L°°(G), A, (p) an amenable discrete 
Kac algebra. Consider a cocycle action {a,u) of G on M. On M®i?(L^(G)), we 
set the map 7 = (T23 o (a (8> id) and the unitary M134. Then (7, U134) is a cocycle 
action on M ®i?(L^(G)). It is well-known that (7, M134) is stabilized to an action. 
However if Irr(G) is infinite, the stabilization is not appropriate for our work on 
finite von Neumann algebras. The amenability gives us a prescription for the 
problem. Indeed, by the amenability of G, we can take a sufficiently large finitely 
supported projection in L°°(G). We cut i?(L^(G)) by the projection and stabilize 
a 2-cocycle approximately. 

4.1. 2-cohomology vanishing in ultraproduct von Neumann algebras 

By making use of the relation y) = Tr on L°°(G), for an (F, (5)-invariant pro- 
jection K we can conclude the approximate commutativity oi F ® K and the 
multiplicative unitary W . 

Lemma 4.1. Let F, K e Projf(Z(L~(G))). If K is {F, 5) -invariant, then 

(1) \\WiF ® K) - (F ® K)W\\^^Tr < 5^/^F\\jK\\^, 

(2) II (F ® K)W{F ®K)-{F® K)W\\^^^, < 5^I^F\\JK\\^, 

(3) \\{F ® K)W{F ®K)- W{F ® K)\\^^^, < 6'/^F\\jK\\^, 

(4) \\iF(g)K)W*iF(g)K)-{F0K)W{F®K)-F®K\\^^T,<6^/^F\\jK\\^. 

Proof. (1). Use Powers-St0rmer inequality ([PSJ) to the left hand side of \W{F® 
K)W* — (F ® i<')|(^0Tr < ^l-^lv^l-^li/p- This inequality immediately implies the 
conditions (2) and (3). 

(4). This is shown as follows. 

II (F ® K)W*{F ®K)-{F® K)W{F ® K) - F (g) K\\^^t, 
= II (F ® K)A{K) {F®K)-F® K\\^^^ 
< \\F K\\ \\{F ® 1)A{K) - F ® i^ll^^^ 
<6'/^Fm\K\\^. 

D 

The next lemma shows that we can perturb a given 2-cocycle to a smaller 
2-cocycle. The outline is as follows. Let F, K be projections as in the previous 
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lemma. By [J] Lemma 3.2.1], we can take a unitary v G L°°{G)F^KB[L'^{G))K 
with 

\\v - (F ® K)W{F ® ii')||^^Tr < 4(5^/lF||^||ir||^. 

If F > ci, f is taken as v{ei (S> K) = e-i® K. The unitary v plays a role of finite 
dimensional cut of the left regular representation W . The error coming from the 
cut is controlled by the trace norm, that is, strong operator topology. By making 
use of the unitary f , we can approximately stabilize a 2-cocycle for a cocycle 
action on a von Neumann algebra of type IIi. 

Lemma 4.2. Let M he a von Neumann algebra of type IIi with a faithful tracial 
state T. Let {a,u) be a cocycle action of G on M. Then for any e > and F G 
Projf (Z(L°°(G))), there exists a unitary w & M ® L°°(G) satisfying Wi = 1 ® ei 
and 

II {{w ® l)a{w)u{i<\®/\){w*) -1){1®F® F)\l^^^^ < e. 

Proof. Step A. We construct a unitary close to a cut of W which acts on suffi- 
ciently large finite dimensional subspace of L^(G). 

Let T be the support of F and F the central projection whose support is JF- JF. 
We may assume 1 G JF, and F < F holds. Let 5 > with 21(5^/^||F||<^||F||<^ < e 
and K a finitely supported central (F, 5)-invariant projection. Set "K = KL^{G). 
Let Tj{ be the normalized trace on BCK). From now in this proof, we use r^y^ 
on BCK) for measurements of norms. Then by [Jj Lemma 3.2.1], we can take a 
unitary v in L°°(G)F ® S(!K) satisfying 

\\v-(F(^K)W(F®K)\\ ^ <4(5^/2||f|| . 

II \ ' \ 'II V"8lTj{ II II ip 

By (2) and (3) in Lemma [4.11 we also have the inequalities 

\\v - (F K)W\\^^r^ < 55'^^\\F\\^, 
\\v-W{F^K)\\^^^^<55^/^\\F\\^. 

Step B. We regard B{!K) C M and perturb (a, u) to (5, u) which fixes B^K) C 
M. 

Since M is of type IIi, we can take a unital embedding BCK) into M. Let 
{cijlij be a system of matrix units generating _B(CK). For all vr G Irr(G), 
{a,r(eij)}ij is also a system of matrix units in M B{Ht,). Hence projec- 
tions a7r(ej,j) and Cj^ ® !■„ are equivalent. Then there exists a unitary Wt, in 
M ® B{Ht,) such that ajr = Ad W* (■ ® Ijr) on B{'K). Set m7 = (w,r)7reirr(G) and we 
have a = AdW*{- (8> 1) on i?(IK). Then perturb {a,u) by the unitary W and we 
obtain a cocycle action (5,u) on M which fixes BCK). 

Step C. We utilize B^K) like B{L'^(G)) in order to approximately stabilize 
the 2-cocycle u. 

Let M = N(^B{'K) be the tensor product decomposition. Since 5 fixes B^K), 
u G A(8)C(8>L°^(G)(8>L°°(G). Then we have a cocycle action (7,m) of G on A such 
that a = cr23o(7®id) and u = 0-234 (m(S)1jc). Set v = v + F^®K G L°^{G)®B{'K). 
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Consider a unitary w in M ^ L°°(G) defined hj w = a23((l (8 v)u*). Then 
{wp F)aF{wF)u{id^FAp){w*) 
= (1 ® 1 ® F ® F)a23((l ® ^^)m* ® 1) ■ f^23((7 ® id ® id)(a23((l ® v)u*))) 

■ fT234(M ® 1) ■ C^234((id ® A ® id)(ll(l ® IJ*))) 

= (1 ® 1 ® F ® F)a23((l ® v)u* (g) 1) ■ a23fT34((l ® 1 ® ^^)7(^*)) 

■ (^23a{u ® 1) ■ fT234((id A ® id)(ll(l ® U*))) 

= f^234 ({10F0F0 1)((1 ® V)U* (g) l)i243 ' (1 ® 1 ® t^) 

■7(11*) (HOI) ■ (id(g)A(g)id)(ll(l Ot;*))' 
= ^^234 ("(1 ® F ® F ® 1)((1 ® t;)M* ® 1)1243 ■ (1 ® 1 ® t;) 

■ (id®id®A)(M)(l® (A®id)(T;*))') 

= 0-234 Ml ® F (g) F (g) l)t;24^^34 ■ ^^34^124^34 

■ (id(g)id(g)A)(M)(l(g) (A(g)id)(t;*))y (4.1) 

We estimate the size of the difference of the right hand side and 1 if (g F (g F 
as follows. Since 

= \\iF^F^K)iiA^id)iW)-iA®id)iv))iF^F^K)\\^^^^^^ 
= \\iFAF®id)iv-il^K)Wil^K))\\^^^^^^ 

= \\{FAF®id){v-{F^K)W{F®K))l^^^^^ 

<\\iFA^id)iv-iF^K)WiF^K))l^^^^^ 



\F\\^\\v - {F ® K)W{F K)\ 



V'Stk 



<^5'"\\FU\F\\^, 



we have 

\\{F®F® K){vi3V23 - (A ® id)(T;))||^^^^^^ 

<\\{F(g)F(g) K){Vi3 - 1^13)^^23 II ^^^^r,, 

+ ||(F ® if ® K)W13{V23 - 1^23(1 ^F^ K))\\^^^(^r^ 

+ II (F ® F ® if) (1^131^23 - ( A ® id) (v)){F0F0 K) \\^<^^^r^ 

< \\F\\^\\v - (F ® K)W{F ® K)\\^^r^ + ||F||^||t; - W{F ® K)\\^^r^ 

+ A5^'^\\F\\4F\\^ 

< A6^'^\\F\\l + h6^'^F\\l + A5^'^F\\^\\F\\^ 

<135i/lF||^||F||^. (4.2) 
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Set uk = u{l (g) 1 (g) i^) and then 

II (1 ® F ® F O l){v;^u*24'"M - (id ® id ®A)(m^))||^^^55<^^<^ 

< 11(1 ® F F ® K){v;^ - ((F ® K)Vr*(F ® /S:))34Mr24^34||r®v'®¥'®^JC 

+ ||(l®F®F®ir)Vr3>*24 

• (((F ir).;(F ® i^))34 - ((F ® K)W{F ® ir))34) L^,^,^.^ 
+ 11(1 ® F ® F ® K){W;^{u*j^)i24W34 - (id® id® A) (m^)) I 

< ||F||^||(F ® ir)t;(F iT) - (F ® i^)l^(F ® K)\\^^r^ 

+ \\F\\JiF ® ir)t;(F 0K)-{F0 K)WiF K)]]^^^:,, 
<46'/^\\F\\l + 46'/'\\F\\l 

= 85^/lF||^||F||^. (4.3) 

By using (gj]), (g^D and (gSD, we have 

II {wf ® F)5i.(«;i7)M(id ^^A^) (w*) - 1 (g) iT (g) F ® F||^^^^^ 
= ||cr234((l ^F^F^ 1)1^24^^34 " ^34^^1*24^^34 " (id O id (g)A)(u)(l (g) (A ® id)(l;*))) 

-l(g)ir®F®F|| ^ ^ ^ 
= ||t^24t^34 ■ 1^34^1*24^^34 " (id ® id (g)A)(ll)(l (g) (A (g) id)(r))(l 0F0F0K) 

- 1 (g) F (g) F (g) -ft'llr^v'^.pcgrM 

^ -LOO \\r \\ip\\J^ \\ip 

+ ||(l(g)(A(g)id)(l;)) ■t;34UiV34- (id® id®A)(M)(l ® (A ® id)(r)) 
■(l®F®F®ir)-l®F®F® K||,55^55^^,^ 

< 135^/lF||^||F||^ + 85i/lF||^||F||^ 

= 215i/2||F||^||F||^ 
<e. 



D 



We have shown that any 2-cocycle can be approximately stabihzed in Lemma 
14.21 When we consider the stabihzation problem in an ultraproduct von Neu- 
mann algebra, approximate stabilization yields exact stabilization by the Index 
Selection Trick. 

Lemma 4.3. Let M be a von Neumann algebra such that M^ is of type IIi and 
(7,w) a cocycle action ofG on M^ preserving Mi^ andw G M^(g)L°°(G)(g)L°°(G). 
Assume that 7 is of the form 7 = KdU o (3 where U E U{M'^ ® L°°(G)) and 
13 G Mor(M'^, M'^ (g) L°°(G)) with a semzHftable [3^ for all tt. Then the 2-cocycle 
w is a coboundary in M^. 

Proof. Take an increasing sequence of projections {F^jJ^j^ in Projf(Z(L°°(G))) 
with F„ — > 1 strongly, and a decreasing positive numbers {e„}5^^ with £„ — * 0. 
Let be a faithful normal state on M and set ip = (p o t^ ^ which is a trace on 
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M^. By using the previous lemma, for each n G N we can find a unitary f„ in 
M^®L°°(G) satisfying 

II (K ® l)7K)w^(id®A)«) - 1)(1 ® i^n ® i"n)||^^^^^ < £„• 

Then set a unitary t; = (f„)„ and f/ = (f/)„ in £~(N, ikf^ ® L°°(G)) and w = (w)„ 
in £°°(N, M^®L°°(G)(g)L°°(G)). Let C be a C*-subalgebra generated by v^^^^, f/^^ ^, 
WTrij,pki f*^^ ^11 ^)P ^ Irr(G), z,j G Jtt and k,i E Ip. Let i3 = {/5}. Then applying 
the Index Selection Trick, we have a *-homomorphism '^■. C -^ M'^ satisfying the 
conditions in Lemma [3.111 for C and B. Set f = (\E^ C?) id)('u) G M^^ ® L°°(G) and 

X = {v ® l)-f{v)w{id®A){v*) - l(g)l (g)l. 

By definition of \&, 

(^(g)id(g)id)(x) = (t;(g) l)7(i;)w(id(g)A)(f*) - 1 (g) 1 (g) 1. 

The right hand side is equal to 0. Indeed for any tt, p G Irr(G), 

II (f, (g) lp)-f^{vp)w^^p{id(S)^Ap){v*) -l(g)l^(g) lp||^^^^^ 

= (^ (g) V^ ® V5)(|(^ ® id(g)id)(J^,p)n 

lim(0or"®(^®V9)(|(J„) |2) 

n— >a; 

< hm ej 



^njTr,p\ 
n—i-Lu 

-.2 
n—fuj 

0. 



a 

The previous 2-cohomology vanishing result yields two results about approx- 
imately inner (cocycle) actions, which play crucial roles in our study. We sep- 
arately discuss them in the following subsections. We prepare the equivalence 
relation ~ for sequences of normal functionals. Let {4>n)n and {4>n)n be sequences 
of normal functionals on a von Neumann algebra. We write {4>n)n ~ (^n)n or 
simply 0„ ~ ipn when lim ||0n — V^nll =0. 

4.2. Cocycle actions on central sequence algebras 

Let M be a von Neumann algebra such that Af^ is of type IIi and (a, u) an 
approximately inner cocycle action of G on M. Let $" be the left inverse of (a, u) 
and 71 G Irr(G). Then there exists a unitary U G M'^ (g L°°(G) satisfying the 
conditions in Lemma 1X71 Then a = Ad U{- (g 1) on M. Set 7 = Ad U* o a'^ and a 
unitary w = (f/* (g l)a'^([/*)M(id(gA)(f/). Then (7,^) is a cocycle action on iVf^ 
fixing M. Note that each 7^ is semiliftable. Indeed, let {un)n be a representing 
sequence of U. By the proof of Lemma [3171 we know that (Adu* oa^, $"oAdM„) 
converges to (■ (g l^r, id (gr^). This result and the equality $^ = $"" o Ad U yield 
the semiliftability of (7^, ^1). 

The map j^r preserves Mi_j by Lemma 13.71 Since 7 fixes M, w G M' fl iVf^ (g 
L°°(G) (g L°°(G), but in fact w is a 2-cocycle whose entries are evaluated in M^^. 
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Lemma 4.4. The unitary w is in M^ ® L°°{G) ® L°°{G). 

Proof. Let 7r,p G Irr(G) and G M^,. Let {U"')n be a representing sequence of 
U and set w" = (f/"* (g) l)a'^([/"*)M(id(g)A)(f/"). Then (w")„ is a representing 
sequence of w. We show that hm ||[0 (S> r^ ® TpjW" ]|| = 0. This is verified as 

follows. 



<;p(0 ® r^ ® TpX^ 



= (id®A)([/"*)M*a'^(t/")(t/" ® 1)(0 ® r^ ® rp)(f/"* ® l)a^(t/"*)M(id®A)(f/") 
~(id®A)(?7"*)n*a"(t/")(0o$f ®rp)a"(?7"*)u(id®A)(f/") 
= (id®A)(f/"*)M*((f/(0 ® r^)f/*) o (<|.f ® idp))M(id®A)(f/") 
~ (id ® A) (?7"*)n* (0 o $° o ($f ® id^)) u(id ® A) (f/") 

= 5Z 5Z ;i^(id®A)(f/"*)((l®r)0o$f (l®T*))(id®A)([/") 

(T^7r-pTeONB(cr,7r-p) ^ 

o-^7r-pTGONB((T,7r-p) '^ '' 
o-^7r-preONB(cr,7r-/3) '^ P 

where we have used the composition rule of the left inverses in Lemma 12.51 and 
the property of U in Lemma 13.71 D 

Hence the restriction of (7, w) on M^ is a cocycle action. Since 7 is semiliftable, 
we can apply Lemma 1^^ Hence there exists a unitary v G M^ ® L°°{G) such 
that 

{v®l)-f{v)w{id®A){v*) = 1. 

Since w = (U* <» l)a'^{U*)u{id®A){U), we have 

{vU* O l)a'^{vU*)u{id®A){Uv*) = 1. 
Setting V = Uv, we have the following lemma. 

Lemma 4.5. Let {a,u) be an approximately inner cocycle action of G on a von 
Neumann algebra M such that M^ is of type IIi. Then there exists a unitary 

V^ G ikf^ (g) L~(G) such that 

(1) For a representing sequence {vn)n of V , we have 

lim ||((/)®r^)oAd<-0o$^|| =0 for all (p e M,, tt G Irr(G), 

n—nj 

where $" is the left inverse of {a,u). 

(2) 7 = Adl^* o a^ is an action of G on M^ fixing M and preserving M^. 

(3) u = {V(^ l)7(\/)(id®A)(l^*) 

(4) t'^ o ^1 = (r"^ (g) Tjr) for all n G Irr(G), where $^ is the left inverse of •y. 

(5) (r"" (g) r^) o 7^(a;) = t'^{x) for all x e M'^ and n e Irr(G). 
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Proof. Let V = Uv as before. Let (t/")„ and {v^)n be representing sequences of 
U and V, repectively. Set (f")n = {U"'v^)n which represents V. 
(1). It is verified as 

(0 (g) r^) o Adt;"* = ((/.(g) r^) o Adl;"*f/"* 



n* 



~ (0 (g) r^) o Ad [/' 

The conditions (2) and (3) have been aheady shown. 

(4). The left inverse of 7 is given by $^ = $"" o Adl^. Then for </> G M* and 

= hm 0($^(t;„x„f„*)) 

n— »a; 

= hm((/)(g r^)(a;„) 

n— »aj 

(5). It is a direct consequence of (4). 

D 

Let (a, u) be an approximately inner cocycle action on M. By the previous 
lemma, there exists a unitary V G M^ (g L°°(G) such that 

{V* ® l)a'^(\/*)M(id®A)(V) = 1. 

Therefore we can perturb the cocycle action to an action on M'^. By taking a 
representing sequence of V, we can make u close to 1 with an arbitrarily small 
error in M. A problem is that we have no estimates of perturbation unitaries. 
For the sake of solving that, we will use the Rohlin type theorem presented in 
Theorem 15.91 

4.3. Intertwining cocycles 

In this subsection, we study two approximately inner actions. By the 2- 
cohomology vanishing result, we can take a 1-cocycle intertwining them in an 
ultraproduct von Neumann algebra. 

Lemma 4.6. Let M be a von Neumann algebra such that M^ is of type IIi. 
Let a and j3 he approximately inner actions of G on M . Then there exists an 
a'^ -cocycle W in M'^ ® L°°{Q) with (3 = AAW o a on M C M"^ . 

We prove this result after proving Lemma 14.71 We denote the left inverses of 
a and /3 by {$"}7reirr(G) and {$f }7reirr(G); respectively. Take unitaries U and V 
in M'^ (g L°°{G) such that they satisfy the conditions in Lemma [3.71 for a and (3, 
respectively. Then we have a = AdU{- (g 1), /3 = Adl^(- (g 1) on M. Define a 
map 7 e Mor(M'^, iVf^ (g L°^(G x G°pp)) by 

7(x) = [/*2a'"(V*)(a"(x) ® l)a^{V)Uu for x G M'^. 
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Set a{x) = a{x) ^ 1 and then a is an action of G x G°pp on M. Since 7 is 
the perturbation of the action a by the unitary f/^*2Q;'^(V^*), a 2-cocycle w e 

M^ ® L°°(G X G°PP)®2 is given by 

Then (7, w) is a cocycle action of G x G°pp on Af^. The map 7 is a composition 
of the maps AdU^2 ° ^"^ ^'^'^ Ad V*(- (g) 1). Since they preserve M^, so does 7. 
We prove w G M^ ® L°^(G x G°pp)®2 as follows. 

Lemma 4.7. T/ie nmtory w is m M^ O L°°(G x G°pp)'^^ 

Proof. Let (m")„ and (f")„ be representing sequences of U and V^, respectively. 
Set 

w,, = <*«(t;"*)5«*«K*)) (id®Ag^g„,,)(a(t;")<2)- 
Then (w")„ is a representing sequence of w. Let G M* and -n,p,aX ^ Irr(G). 
We show lim || [0 (X> r^ ® r^ To- Cg> t^, w"] || = 0. In order to do, we estimate 

n— >cij 

i>n = w"*(0 (g) T^ (g) Tp (g) T^ (g) r^)tf;". 
Use m;J(^ ® r^)M;j* ~ ^ o $^, t>^(^ ® r^)v';^* ~ ^ o $^ for all ^ G M, and then 
^„ ~ (id ®Ag^g„,,)«*«K*))5 (aK)<2) «K) 

■ (0 o $^ ® Tp ® r^ ® r^) 

■aK*)5«*«K*))(id®Ag^g„,,)(aK)<2) 

= (id®Ag^g„pJ«*a(^"*))«4"(^")<2)i245«-(^") 

■ (0 o $^ ® Tp ® r^ ® r^;) 

= (id®AexGopp)«2«K*))«4"K)<2)i245 

■ (t;"(0 ® rp)t;"* ® r^ ® r^) o (<|>^ ® idp ® id^ id^) 

■a4<*«K*))l245(i^®^exGopp)("K)<2) 

~(id®Ag^g„,,)«*«(t;"*))a4a(t;")<2)i245 

■ (0 o $J ® r^ ® r^) o ($^ ® idp ® id^ ® id^) 

■a4<*aK*))i245(i^®^exGopp)(«K)<2) 

= (id®Ag^g„pJ«*«(t;"*))a4a(t;"))^245 

■ (m^3(0 o $J ® r^ ® T-(;X*) o (<|>^ idp id^ ® id^) 

■ a4"K*))l245(i^®^GxGopp)(«K)<2) 

~(id®Ag^g„pp)«*«(t;"*))a4a,(t;^"))^245 

■ (0 ® r^) o ($^ ® id^) o $^ o ($° ® idp ® id^ ® id^) 

■ a. («<xK*)) i245(id ® Ag^g^pp) (a(t;")<2) 
= (id®Ae,g„,,)«*«(t;-)) 
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■ {v^ ■ (0 ® T^) o ($J id^) ■ w*) o <|>;^ o ($^ ® idp ® id^ ® id^) 

■(id®Ag^g„pp)(a(t;")<2) 
(id®Ag^g„,J«*aK*)) 

■ o $1^ o $^ o $^ o ($^ ® idp O id^ ® id^) 



By Lemma [2.51 we have 



K°K=Y1 E TT^^ ® ^)*« ^^ ® ^* 



C-ivr-CT 5GONB(g,7r-cr) 

on M ® S(i/^) ® 5(/7^) and 

on M (g) B{Hp) B{H(^), where Sp^^ is the flip unitary of Hp and if^. Note that 
p sits right from ( in that lemma, but it does left here. The flip arises for this 
reason. Also note that '^p,cT may not be an intertwiner between rj and p ■ (. 
Using these, we have 



$;^ o $^ o $° o ($^ ® idp ® id, ® id^) 

E E ;r^z^^M(i ® 5 ■ T) ($(J o ($^" ® id,)) (1 ® (5 ■ T)*)Sp,„ 






e,,r) S,T "^ *" 

where the indices S, T runs 0NB(^,7r ■ a) and 0NB(?7, ^ ■ p), respectively and 
S ■ T E {C, ■ ri,'7i ■ ( ■ cr ■ p) is naturally defined via S", T. Let x G L°°(G x 
and then we have 

Ag^gopp(x)Sp^^(S' ■ T) = Sp,f (S ■ T)x^^ri- 

Hence we have 



^,^ S,T 



tXTj-tX/T tXAtXrt 



■ (,#. o *» o (<1.| » id,)) . a£«)uj ■ (1 ® (S ■ r)-)E,,5 



«,»? s,r 



(X TT- t-t' /T Ct/^tX/J 



(«*(0 ° *?) ■ <) ° (<^r ® id,)) • «^ (1 ® (5 • T)*)Sp,c 

(iTrdrT drdn 



E E TTJT^^'^^^ ® ^ ■ ^) ■ ^r ■ ((<^ ® ^.) ° ("^C ® id,)) ■ n^ 



i,ri S,T "^ " U,c_u,p 



;i®(5-T)*)Sp,c 

32 



~ E E T^/3-^P.c(l ® 5 ■ T) ■ (0 ® r^ ® r,) . (1 ® (5 . T)*)S,,c 

U 

Proof of Lemma \4.6\ Since the discrete Kac algebra G x G°pp is amenable, we 
can apply Lemma [4.31 to the cocycle action (7,w). Then there exists a unitary 
c e M^ ® L°°(G X G°PP) such that 

ci237(c)w;(id®Ag^g„pJ(c*) = 1. (4.4) 

Set the unitaries c^ = c.^i, d~ = Ci^,. in M^ ® L°°(G). By definition we have 

7.«i = Adt/*oa", 7i«. =AdF*(-®l). 
Hence applying l(g)l(8)ei®l®ei, l®ei®l®ei(g)lto (14. 4p . we have 
4^r2«"(c')f/i2^.^i0.^i(id®A)(c^*) = 1, 

Cl2V^l*2Cl3^12«^l®.®l^.(id®A°PP)(c") = 1. 

The equalities 

yield 

4,U*,,a-{c'U*)iid®A){Uc'*) = 1, cl2yi*2Ci3V^r3(id®A°P'^)(Vc") = 1. 

Hence c^t/* is an a'^-cocycle and Vd'* is a unitary representation of G. Set 
V = c^U* and v = Vd"*. Set the perturbed action a"" = Adf o a'^. We claim that 
the unitary representation v is fixed by a"", and then it follows that W = vv is 
an a'^-cocycle. If we prove this claim, the unitary ly is a desired one. Indeed, 
for X G M we have 

Ad M^ o a{x) = AdtJ o a^ix) = vva'^{x)v*v* = vvU{x l)U*v*v* 

= vc\x ® l)c^*v* = v{x (g) l)v* = V{x (g) 1)V* = (3{x). 

We prove the claim as follows. Applying 1 ® 1 (g) ei (g ei (g 1 to (14. 4p . we have 

^12^^12" (C )Ui2W.^.(^i^i^.Ci23 = 1- 

The equality w.^.^i^i^. = 1 yields 

CuU>''icnUi2cl,, = 1. (4.5) 

Again applying 1 (g ei (g 1 (g 1 (g ei to (14. 4p . we have 

Cl2^12Cl3Vl2ti'-(g)lig)-®-(gilCi32 = 1. 

The equality 
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and (14.51) implies 

1 = C^2^124^12^r2f^r3«"(^)l32f/l3Cl32 
= cl2^124^r3«"(^)l32f/l3Cl32 



C 



12 

^^ 1/'* ^/ TT* ^<^/'T/^''*^ rr ^^* 



V*2c{,U*,a^{V)^,2Un ■ U*,,a^{cni32UnC% 



= Ci2>/l2Cl3t/l3" (>/C )l32t/l3Ci3 
= 17*2"'' (^) 132- 

Therefore a^(tJ) = v\z and we have proved Lemma 14^61 D 

5. ROHLIN TYPE THEOREM 

The Rohhn theorem in [UcH Theorem 6.1] has been a main ingredient to show 
vanishing results on 1 and 2-cohomology for strongly free cocycle actions of dis- 
crete amenable groups. Even for amenable discrete Kac algebras we can prove 
the Rohlin type theorem which is, however, not a generalization of the Rohlin 
theorem in [Oclj . As one difference, which comes from difficulty of reducing a co- 
cycle action to an action, we give a Rohlin tower which has a good estimate only 
for cocycle actions whose 2-cocycles are very small. Another difference is that we 
treat not paving families but one sufficiently large projection. Since our classifica- 
tion result is deduced from the Evans-Kishimoto type intertwining argument, we 
do not need a model action splitting method. Hence it is unnecessary to utilize 
a paving family. Also even in proving vanishing results on 2-cohomology, we do 
not need such a family. We use the Rohlin type theorem only to find a unitary 
perturbing a 1-cocycle to a smaller 1-cocycle by using the Shapiro lemma. Al- 
though it may seem to be an incomplete form, it is in fact a sufficiently powerful 
tool for our strategy. 

5.1. Local quantization principle 

We begin with the local quantization principle proved by Popa |PH Lemma 

A. 1.1], [P2, Theorem A. 1.2]. 

Theorem 5.1 (Popa). Let A G B be an inclusion of finite von Neumann algebras. 
Let T be a faithful normal trace of B. Assume that elements {xi}'^^^ C B are 
orthogonal to A\/ {A' fl B) with respect to r. Then for any e > 0, there exists a 
finite index set J and a partition of unity {qr}reJ '^ ^ satisfying 






< e for all 1 < i < n. 



Let M be a von Neumann algebra. Let 7: M^^ ^M^^L°°{G) be a strongly free 
semiliftable action with the left inverses {$7r}7reirr(G)- We assume that r'^ o $^ = 
r'^ ® T^ on M^ (g) B{H^) for all vr G Irr(G). Take a faithful state (f) e M^ and set 
ip = 0or'^. Consider the inclusion M^^ C M^ xi^G. Then the dual state ip is tracial 
by Proposition [2]TT] Let S* be a countably generated von Neumann subalgebra of 
M'^, A = S'nM^^ and B = M^ x^G. Since 7 is strongly free, we have the inclusion 
Ay {A' n B) C. M^ by Lemma EH Let E^: M^ x^ G^M^ be the conditional 
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expectation defined by averaging the dual action 7, and then it preserves the 
trace ip. Let -Eyiv{A'nB) be the trace preserving conditional expectation from B 
onto A V {A' n B). Then it factors through M^ with Ex^. Hence by definition of 
i?-y, we have EAy{A'r\B){.^TT,^j) = for all tt 7^ 1 and i,j G In- Let JF be a finite 
subset of Irr(G) \ {1}. We apply the local quantization principle to the above 
A, B and {Xn^ ■}TTeJ^,i,jeiTT- Then for any £ > 0, we get a finite partition of unity 
{qr}rej C S' n M^ satisfying 



^li(lr)K,,l{qr 



reJ 



< e 



for all 7r G JF and i,j G In- Since A^^^7(gr) = J2kei^ 7(77r,,fe(gr))A^^^. and 

= d-\^ ^ Tn){\qr-fn,^,{qr)\'^ ^ Cn,,) 
= 5^,fcrf;^V(kr7^,,fe(gr)P), 



we have 






JG/vr '"GJ fcG/jr 

^Xl 5Z V^((7(?r7u,..(?r))A^,J*7(g,77r,,,(gr))A,,J 

rSJ i,k,£€lTr 

Yl Y^ kkdn^^{\lrln,,Mn 
r&J i,k,eeln 



^ II (g^ 01^)7^ (g^ 



I Ipl^TTt ' 



reJ 



Thus for TT G JF, 



J^IK^r® l^)7^(gr)||L^ <dne'^ 



i2 



rGJ 



£l 



Summing up the above inequality with tt G JF, we obtain 
5^5^||(g.®M7.(g.)||'^^^ < (5^rf.^ 

We use a Chebyshev inequality as follows. Define an index subset 

Jo = |r G J I ^ \\{qr ® l,r)77r(gr)||^^^^ < (J^ C?^)£|kr || J } • 
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For r G Jo, we have 



|2 






■n&T ttSj^ 



|2 

\lp®TTr 



■ner 



|2 



vreJC 

Hence the following inequality holds. 
On the size of X]rGJ\Jo ^^' ^^ have 

reJ\Jo 



1/2 



ttG^F 






reJ\Jo -r^dT 






^y 


-1 




2 




-y 


-1 






=e. 











We summarize these arguments. 

Lemma 5.2. Let M he a von Neumann algebra. Let ^y be a strongly free 
semiliftable action of G on M^^ whose left inverse $7^ satisfies t'^ o ^^ = r^ ^ r^^ 
for all 71 G Irr(G). Let (j) be a faithful normal state on M and set ip = o r'^. 
Then for any countably generated von Neumann algebra S C Af^, any finite sub- 
set T C Irr(G), 1 ^ JF and any < e < 1, there exists n G N and a partition of 
unity {qr}r=o C S" fl M^^ with the following properties. 

(1) kolv < ^■ 

(2) ^ |(gr ® l7r)77r(gr)|^^^^ < eWrU M all 1 < r < U and 71 G J^ . 
ttGj^ 

We can strengthen this result as follows. 

Lemma 5.3. Let M be a von Neumann algebra. Let '-/ be a strongly free 
semiliftable action of G on M^ whose left inverse $7^ satisfies r'^ o $^ = r*^ (g) t^^ 
for all 71 G Irr(G). Let (p be a faithful normal state on M and set ip = (p o t'^ . 
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Then for any countably generated von Neumann algebra S C M'^ , any finite sub- 
set T C Irr(G), \ ^ T and any < 6 < 1, there exists n E N and a partition of 
unity {er}r=o C S" fl M^^ with the following properties. 

(1) |eo|v> < 5- 

(2) {cr l7r)77r(er) = for all 1 < T < u and vr G JF. 

Proof. This is proved by a similar argument to one in |Oclj as follows. We may 
assume 5* C M^ is 7-invariant by considering a von Neumann algebra generated 
by S and Ip,. X^) for all p G Irr(G) and fc, ^ G I p. 

Step A. Let /i > and / G Proj(5" fl AC), / 7^ 0. We show that there exists 
/' G Proj(y n M^), 7^ /' < /, such that 

for all TT G JF. 

Let 5* be a von Neumann subalgebra in M^ which is generated by S and 7p- . (/) 
for all p G Irr(G) and z,j G I p. By the previous lemma, there exists a partition 
of unity /o, /i, . . . , /m in S' fl M^ such that 

(1) l/oU<2-VU, 

(2) ^\{fi®U)lAfi)\^^r^ <^^\fW^U, l<l<m. 

Let fi = f fi G Proj(S" fl M^). Since /j (g) Ip commutes 7p(/) for all p G Irr(G), 
we have {fi Iphpifi) = (/ ® lp)7p(/)(/i ® lp)7p(/i)- Hence we have \{fi O 
lp)7p(/i)|^55^^ < |(/i ® lp)7p(/i)|^^^^- Suppose that for each i = 1, . . . ,m 

Then 

m m 

5^5^ l(/, ® i.)7.(/.)|^^,^ >EE K/^ ® ip)7p(/.)|^^., 

j=l ttSJF 4=1 ttGJT 

m 



>2/i5^|/, 



j |i/; 



j=l 



=2/i|(l-/o)/U 

>2MI/U-|/oW 



On the other hand, we have 



4 = 1 TrgJ^ 4=1 
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This derives a contradiction and hence for some z G {1, . . . , m}, the equahty 

holds and we take f = ft- 

Step B. We show that for any / G Proj(S" fl M^^) and any yU > 0, there exists 
e G Proj(S'nM^) with 

(1) e < /, 

(2) |(e(g)l^)7^(e)|^^^ < /i|e|^ for all vr G J^, 

(3) \eU>{l + j:.^/u^^dl)-'\fU. 

Set T^(x) = $^(a;(8)W) for x G M'^. Note T^{S'nM^) C 5'nM^ for all vr G Irr(G) 
as is seen below. Let x G 5" fl M^^. Since T^, preserves M^, T.„{x) G M^^. Take an 
element y & S. The 7-invariance of S implies 

yT^{x) = ^^{-f^{y){x 1^)) = $^((a; ® UhM) = T^{x)y. 

This shows Tt,{x) G S"nM(^. Now the family of projections e G S"nMi^ satisfying 
(1) and (2) is not empty and inductively ordered, so let e be maximal with these 
properties. We show that e also satisfies 

e V V s(r.(e)) V V s(T,(e)) V (1 - /) = 1. (5.1) 

Otherwise let e' be a nonzero projection in S' fl M^ orthogonal to the left 
member of (15.11) . We claim that (e® l,r)77r(e') = = (e'(8>l,r)77r(e) for vr G JFUJF. 
Since 

$,(7^(e')(e ® l.)7"(e')) = e'<l>.(e ® l^)e' = eX(e)e' = 0, 

we have (e ® l,r)77r(e') = for vr G JF U JF by faithfulness of $^. Since 
$^(77r(e)(e' O I077r(e)) = e^^{e' O l^)e 

= e(l ® T;j(7^(e') ® ^(1 ®T^,^)e 

= (1 ® ^^, J ((e ® M7^(e')(e ® 1.) ® 1^ (1 ® ^w,^) 
= 0, 

we also have (e' ® l7r)77r(e) = for vr G JF U JF. By Step A, under e' we can find 
a nonzero projection e" G S" fl M^ with |(e" Cg) l7r)77r(e")L < /x|e"|^. Then e" 

satisfies e" ± e, e" < / and (e® l^)7^(e") = = (e"® U)7^(e) for all vr G J^u^F. 
Then we have 

|(e ® U)7.(e)|^^^^ = |(e ® l.)7.(e) + (e" ® lj7,(e")|^^,^ 

= |(e ® l.)7.(e)|^^^^ + |(e" ® l.)7.(e")|^^,^ 

</i|e|^ + /i|e"|^ 

=/i|e|^. 

This is a contradiction to the maximality of e, and hence (15.11) holds. Now we 
estimate the size of e. Here we make use of tensor products to treat translations 
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of projections. We index JF U JF as {vri, ■ ■ ■ , tcn}- Consider the tensor product 
algebra iW^ = M"^ ®B{®'^^^H^^). Set a product state V^ = V"^ ®f=i7"7rfc, which is 
tracial on il4, (g)5((g)fL^iJ^J. We regard M"^ and M'^iS)B{H^^) as subalgebras of 

Af^ via the natural embedding. For each vr^, take a finite group Ilk — '^d^ ^ ^d^ 
consisting of unitaries in B{Ht^^) which acts on if^^. irreducibly. Our claim is the 
following one. 

TV 

e V V V (1 ® ^)7..(e)(l ® V*) V (1 - /) = 1. (5.2) 

k=lv£Uk 

If not so, we have a nonzero projection p G M^ which is orthogonal to the above 
left projection. Hence p < f — e and satisfies p ■ (1 ® v)7^^(e)(l ® f *) = for all 
k = 1, . . . ,N and v E Uk- Irreducibility of the action of Uk imphes the equality 
T"^. = d~^ 'Even, Adt; on B{H^J. Hence pT^,(e) = p ■ (id(g)r^J(7^,(e)) = for 
all k. It shows that p must be orthogonal to e, 1 — / and Vj^gjru7^s(T^(e)), but 
this contradicts to (15.11) . Therefore the above claim holds. Applying the product 
trace ip to the both sides of (15. 2p . we obtain 

1 < |e|^ + |1 - fU 

N 

+ 5Z 5Z (^ ® ^-^) ((^ ® ^)7..(e)(l ® t;*)) 

fc=l DgUfc 

iV 

A;=l veXXfc 

N 



i-i/u + (i + E20ieU- 



fc=i 



Hence 



AT 
k=l 

step C. Let g G N be such that (!-(! + E^e^u7= 2rf2)-i)9 < ,5. We show that 
for any fi > there exists a partition of unity {ek}l=Q C 5" fl M^^ such that 

(1) |eoU < '^• 

(2) I (cfc ® l,r)77r(efc) 1^^^^ < /i|efc|^, for all fc = 1, . . . , g and vr G JF. 

Set /i = 1. According to Step B, we construct projections Ck and fk+i succes- 
sively for A; = 1, . . . , g such that 

(1) Cfc < fk, 

(2) fk+i = fk — ek, 

(3) [(cfc ® l7r)77r(efc)|^^^^ < /i|efc|^ for all vr G J". 

(4) |efcU>(l + E.e^uF2rf')-VfcU. 

Then we have |/q+i|^ <(!-(! + E,r6:PuF2'^^)"^)^ < ^ and letting cq = /g+i, 
Step C is proved. 
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Step D. We finish the proof by using the Index Selection Trick. 

Note that the partition number q depends not on ^ but on 5 and JF. Letting 
/i = 1/n and take a partition of unity {e^j^^Q C S" fl M^ for each n E fi such 
that 

(1) |ej|^ < 5. 

(2) \{el ® U)^^{el)\^^^^ < {l/n)\el\^, for all A; = 1, . . . , g and vr G ^. 

Set the elements e^ = (e^)™ in £°°(N, 5' n M^) for < i < g. Then apply the 
Index Selection Trick for C = C*({ei}^^Q) and B = {77r}7rGirr(G)- Let \E' be the 
index selection map with respect to them. Set Cj = ^(ej) which is in S' fl M^. 
Then we have |eo|^ < S and 

= (0 o r" o ^ ® r,) ( I (e^ ® l,)7.(e,) |) 
= lim(0or'^®r„)(|(e^®l,)7,(en|) 
< lim 1/n 
= 0. 
for 7r G JF. D 

5.2. Tower bases and diagonal elements 

In the previous subsection, we have obtained a projection in M^ which behaves 
like a tower base with respect to an action 7 as in the case of group actions. Here 
one shall note that it gives projections in not M^ but von Neumann algebras 
M^®B[Ht^)^ vr G Irr(G). In the following lemma, we clarify the special properties 
of such a projection in a general situation. 

Lemma 5.4. Let M he a von Neumann algebra and {a,u) a cocycle action ofG 
on M . Let IC be a finite subset of G. If a projection e in M satisfies [e(E) 1^1, u] = 

and (e ® Ip)ap(e) = for all p E JC ■ }C\1, then 

(1) K(e) ® U)(a^(e))i,3 = for all n j^ a e /C. 

(2) (e^l^iS) ln){aw<S)id){a^{e)) = u^^^{e w^^{ei))yJ^^^ for all tt G /C. 

(3) The element (i^$7f(e Iw) is a projection which is equal to 

q^ = inf{g G Proj(M) | {q (g) U)a^{e) = a^{e), [q (g) 1 (g) l,u] = 0}. 

(4) Foralln G /C, dl{a^{e)(g)l^)u^^^{l®T^^^Tl^)ul^^{a^{e)®l^) = a^(e)®l^. 

Proof. (1). It suffices to show ($^ (g) id) (a^(e)i2ttCT (6)130:7^(6) 12) = 0. Since tt 7^ a, 

1 y^W ■ a and then 

(e O 1^ (g) l^)a^{a^{e)) = (e O l^O U)M5,^(id(g)^A^)(a(e))M;^^ 

= M7f,^(e(g)l^(g) U)(id(g)7fA^)(a(e))M;^^ 

= ^ Ujf^^{e(glj^(gl^){id(g^A^){ap{e))u^^^ 
= 0. 
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Using this equality, we have 

($^ (g) id)(a^(e)i2aa(e)i3a^(e)i2) 
= (e O 1^)(<I>, O id)(a,(e)i3)(e O 1^) 
= (e ® U)(l ® T;_^ ® la)«, ® la)Mtta(e))i24(M7f,^ ® U) 

■(l(g)T^,^®U)(e®l,) 
= (1 ® T^^^ ® la)«,^ ® la)((e ® W ® U)aF(aa(e)))i24(M^,^ ® U) 

= 0. 

Since $7r is faithful, we have a7r(e)i2acr(e)i3 = 0. 
(2). It is verified as follows, 

(e (g) l^O l^)a^(a^(e)) = (e (g) 1^® l^)u^,^(id(g)^A^)(a(e)X^^ 

= ^ M7f,7r(id(S)7fA^)((e(g)lp)ap(e)X_^ 

p-<7f-7r 

= U7f,^(id(g)7rA^)((e (g) ei)ai(e))M;.^^ 
= M7f,7r(e (g i^A^(ei))M^^^. 

(3). Applying the map $jf (g id to the equahty in (2), by Lemma [23] we have 

((i^$^(e (g 1^) (g l^)a^(e) = a^(e). 

Set Pt, = (i^$7f(e (g l^f). Since e commutes with m, so does with a{u). Hence p,, 
commutes with u. Then 

= rf2 (1 ® t;^-)<-((p, ® l.)«.(e) ® lw)u^d^ ® T,,^) 
= rf2 (1 ® T;-)< -(a,(e) ® W)m,,w(1 ® T,,^) 

Hence p^ is a projection and p^ > g^. The inequality p^ < g^ is verified as 
follows, 

QnPn = Qndl^wie (g W) 

= dlq^il ® T;-)M;-(a,(e) ® 1^)m,,^(1 ® T,,^) 

= rf2 (1 ® T;-)<-((g, ® l)a.(e) ® Mm,,^(1 ® T,,^) 

= rf2 (1 ® T;-)<-(a,(e) ® W)u,,w(l ® T,,w) 

(4). Since d2$_(e ® !_) = ^2(1 ^ T;-)<-(a^(e) ® Mn^,^(l ® T,,^) is a 
projection, the operator v := (i7r(a;7r(e) (g l:jf)'U7r_:jf(l (g T^,7f) is a partial isometry. 
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Hence / := vv* is a projection. Clearly we have / < a-^i^e) ® \^. In fact they are 
equal as is shown below, 

(<l>^ ® id)(/) = dl{^^ (S> id)((a^(e) ® Mm^,w(1 ® ^A^(ei))<_^(a^(e) ® 1^)) 

= ($^(8)id)(a^(e)®W), 

where we have used Lemma [231 The faithfulness of $7r yields / = a.„{e) ® 1^. D 

We call a projection e a tower base of the tower along with K ii e satisfies the 
conditions from (1) to (4) in this lemma. 

Definition 5.5. Let {a,u) be a cocycle action of G on a von Neumann algebra 
M. The diagonal of u is the element a in M L°°{G) defined by 

(a ® 1)(1 ® A(ei)) = n(l ® A(ei)). 

The diagonal a G M (g) L°°(G) has the following explicit form. For all vr G 

Irr(G), 

a-Tv = d^e^{l (g) 1^ (g) T^^^)(n^,^ (g) 1^)(1 (g T^,^ (g 1^), 

where e^ G {±1} is defined in §2.2. 

Lemma 5.6. Let a^, vr G Irr(G), 6e as above. Then one has 

(1) (a^®id)(a;)(a^® 1^)(1 ®T^,,) = 1 ®T^,,, 

(^^; (id®r^)(aX) = l; 

f^; $.(a^<) = 1, 

f^j (i^($^ (g id^)(2; (g A(ei)) = ala^{x)a^ for all x e M, 

(5) aX = d2($-®id,)(l®-A^(ei)). 

Proof. (1). Since u is a 2-cocycle, we have 

(1 ® 1 ® A(ei))(a(a*) ® l)(a ® 1 ® 1)(1 ® A(ei) ® 1) 

= (1 ® 1 ® A(ei))a(M*)(M ® 1)(1 ® A(ei) ® 1) 

= (1 (g 1 ® A(ei))a(M*)(u ® l)(id(gA ® id)(n)(l (g A(ei) ® 1) 

= (1 (g 1 ® A(ei))(id® id®A)(M)(l ® A(ei) (g 1) 

= (1 (g 1 ® A(ei))(l (g A(ei) (g 1). 

Applying id (g id (g id (g(y9 to the both sides, we obtain the desired equality by 
using (id(gv?)(A(ei)) = 1. 
(2). It is verified as 

(id ®r^)«a,) = (1 ® T*-){ala^ ® 1^)(1 ® T,,^) 
= L 
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(3). It is verified as 

<^n{a^al) =d^<l>^((id(g)id(g)r^)((a ® 1)(1 O A(ei))(a* O 1))) 
= d^($^ ® r^)K,w(l ® A(ei)X^) 
= 1, 

where we have used Lemma [2 .41 
(4). It is verified as 

dl{^j,(g)id){x(g)^A^{ei)) 

= dl{l(g) T;_^ O 1^)«,^ O l^)K(a;) ® ^A^(ei))K,^ ® 1^)(1 O T^,^ ® 1^) 

= ci2(i ® T;_^ ® l^)(a; ® 1^® l^)(a^(x) ®^A^(ei))(a, ® 1^® l.)(l ® T, 

(5). It is obtained by putting x = 1 in (4). D 

With diagonals, we obtain the following result for a tower base. 



- 7r,7r 



Lemma 5.7. If a projection e E M satisfies the condition of Lemma \5.4\ then 

(1) dl{a^{e)a^ ® W)(l ® ^A^(ei))«a^(e) ® 1^) = a^(e) 1^. 

f^Sj avr(e)a7ra*a7r(e) = a-^^e), in particular a.„{e)aT, is a partial isometry. 

(3) (i^(<l>:s^® id^)(e ®:s^ A^(ei)) = a*a^(e)a^ is a projection. 

(4) {d^a^{e)a^).^^{dT,ala^{e))^. = 6k,ed^{aj,{e)).. for all n e Irr(G) and 

(5) Decompose a*a{e)aK as 

a*a{e)aK = X] JZ ^^^w,,, ® e^.,,- 

TTgXJj'G/vr 

r/ien one has 

for all 7r,p G Irr(G), i,j G I^ and k,i E Ip. 

Proof. (1). It is a direct consequence of Lemma [5.41 (4). 
(2). Apply id®id®(/9 to the both side of (1). 
(3). It is derived by using (2) and Lemma E51 (4). 
(4). Recall a system of matrix units {e^^^}ij^i^ defined in §2.2. Set functional 

w^.^. = Tr^e^^.^, u;^__ = Tr^e^... Apply id®a;^,^^. ®cc;^-- to the both sides of (1). 
Then the left hand side is equal to 

(id^uj^^.^ 0uj^_.){dl{a^{e)a^ 1^)(1 (g) A^,7f(ei))«a^(e) (g) 1^)) 

= d^{a^{e)a^).^^{alan{e))^. 

and the right hand side is equal to SkActT^^e)) . .. 

(5). The self-adjointness yields Z^^. = /w^._,. By (4), /^,^ = d^{ala^{e)a^).. 
satisfies the desired equality. D 
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In paticular, (5) shows the similarity of projections a*a{e)aK and Aft'(ei). We 
presume that the projection a*a{e)aK makes a copy of finite dimensional algebra 
L°°[G)K in M. This is a reason for giving indices not /vr^ . but /jf. .. We close 
this subsection with the next useful lemma. It shows that the support projection 
of each tower element is invariant by perturbation if e commutes with u and a{v). 

Lemma 5.8. Let {a,u) be a cocycle action of G on a von Neumann algebra M. 
Let V G U{M ® L°°{G)) and {a,u) the perturbed cocycle action of {a,u) by v. 
Let a and a be the diagonals of u and u, respectively. Let K be a finite subset of 
Irr(G). Assume that e G Proj(M) satisfies [e®l®l,u\ = = [e (g) 1 ® l,a;(f)] 
and (e ® lp)ap{e) = for all p E }C ■ JC \ {!}. Then one has 

(id(S)(y5)(a*a;(e)a^) = (id(g)(y9)(a*5(e)a^). 

Proof. By Lemma [5.41 and Lemma [5. 7[ the elements g^ = {id ^(f){a*a{e)a-,r) and 
g^r = {id^ip){a*a{e)aTr) are the projections which are given by 

q^ = inf{g G Proj(M) | (g O l^)a^(e) = a^(e), [q (g) I (g) l,u] = 0}, 

q^ = inf{g G Proj(M) | {q (g) U)a^{e) = 5^(e), [q (g) I (g) l,u] = 0}. 

Since g^ = (i^$:jf(e ® Iw), we have 

(g^®l)t;=(rf2$-(e®l^)®l)t; 

= t/^($_ id)((e 1^® l)awiv)) 

= dl{^j,®id){a^{v){e0lj,®l)) 

= f(rf^<l>^(e(g) W)® 1) 

= f(g„(g)l). 

Hence g^r commutes with v. Similarly we can show that g^ commutes with a{v), 
and so does with u. Then we have (g^ ® l^)a7r(e) = 5^(e). It yields g^ > g^^. We 
prove gTT < gir- Since e commutes with a{v) = (f l)a(i')(f* (S> 1), g^ commutes 
with V and a(f), and hence so does with u, and then we have (g^ (g) l7r)a7r(e) = 
a7r(e). This equality yields qT, < g,r- D 

5.3. Rohlin type theorem 

We present a Rohlin type theorem. In order to simplify our arguments, we 
treat only McDuff factors. 

Theorem 5.9. Let M be a McDuff factor and (a,-u) an approximately inner and 
strongly free cocycle action of G on M. Take a unitary v G M'^ (g) L°°(G) such 
that 

(i) a = Adv on M C M'^ , 

(ii) {v* (g l){a'^ (g id){v*)u{id(gA){v) = 1, 
(Hi) 7 = Adt>* o a'^ is an action preserving M^, 

(iv) (r'^ ® T^) o 7^ = r'^ for all vr G Irr(G). 

Let (f) be a faithful normal state on M and set ip = (f) o r^ . Let < 5, k < 1 and 
F G Projf(Z(L°°(G))). Take K G Projf(Z(L°°(G))) which %s {F, 6) -invariant 
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and satisfies K > e^. Set T = supp(F) and /C = supp(-ft'). Assume that the 
2-cocycle u is small in the following sense, 

for all 7T E J-" U IC and p G /C. Then for any countable set S C M^ , there exists a 
projection E in S' (1 M^ L°°{G) satisfying the following conditions. 

(1) E = E{l®K). 

(2) (approximate equivariance) 

\ME)-{id®FA^){E)l^^^^<56'/'\F\,. 

(3) Decompose E as 

Then {fp^ }i,jeip is a system of matrix units. Moreover, they are orthog- 
onal in the following sense. For all p ^ ti E IC, i,j G Ip and k,£ E !„, 

(4) (joint property ofU) Let a be the diagonal ofu. Set an operator U = a*vE 
and decompose as 

a*vEv*aK = J2J2 ^p^^p". ® ^«.^' 
peic i,j&ip 

pG/C i,j€lp 

Then we have 

^ft.j^'^fc.* ~ Op,TTOi,kfpji, /^Pj^/^TTfe^f — Op,TTOj,efp^i^, 

for all p, TT G /C, i,j G Ip and k,i E In. In particular U*U = E. 

(5) Ev*aa*vE = E. 

(6) For each p E JC, the projection (id (S'V'p) (E) is in S' fl M^ and satisfies 

(id(g)v9p)(E) = {id ® If p) {a* vEv* a). 

(7) (partition of unity) 

{id^ip){E) = 1 = {id^ip){a*vEv*a). 

(8) (Shapiro lemma) Set p = {id ^ip){U) and then p is a unitary. If the 
weights ip ^ ip and ip ^ ip ^ ip are invariant for Adw and Ad(id(g>A)(f), 
respectively, then the following inequality holds. 

IvFlpif^) -P® F\^^^ < (9(5^/^ + 3fi:^/2)|F|^. 

In this situation, we call a projection E and a unitary p a Rohlin projection 
and a Shapiro unitary, respectively. 

Lemma 5.10. Let tt G /C. // Wu^^-w — 1 (S> Itt (S> WH^^i^^ip < n, then we have 



Iflyr J- Qv J-Trlli/xgii^ ^ ^■ 
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Proof. Set a functional 6^, = T*^ ■ T^,^^ on B{Ht, ® H^). Then we have 

(?/'(8)(^^)(|a^-l(8)l^P) =dl{ilj®e^){\a^- 1 ® l^p ® 1^) 

= dli^ilj (g) e^)(|n^,7f -l^U® IttH 

<(■?/' ® V^ (S) V5)(|U7r,7f - 1 ® l,r ® IttH 

where we have used dl9.„ < v^tt ® v^tt- □ 

Define a set 3 which consists of a projection i? in M^ CS L°°(G) satisfying the 
conditions (1), (3), (4), (5), (6) in Theorem I5.9[ and in addition, the following 
ones, 

(a) (r"^ ® id)(E) = {r^ ® id){vEv*) G CK, 

(b) (id(g)v5p)(E) = (id(g)V5p)(a*i;Ei;a) for all p G /C. 

Define functions a and 6 from J to R+ by 

Lemma 5.11. Let E be an element of 3- Assume Be < I — S^'"^ . Then there 
exists E' & 3 satisfying the following inequalities. 

(1) aE'-aE<36^/\bE'-bE), 

(2) < (5^2/2) 1^' _ E\^^^ < bE' - bE. 

Proof. We may assume that the entries oi E, v and u are in S and 5* is a'^- 
invariant. Take a projection e from 5" fl M^^ such that (e ® lp)7p(e) = for all 
p G /C ■ /C \ {1} by Lemma 15731 Since e commutes with v, (e ® lp)a'^{e) = also 
holds. By Lemma [5 .8^ we have 

(id®¥p)(7p(e)) = (id®(^)(aX(e)ap) e ^' n ili,. 

Let A^ be a von Neumann subalgebra in M^ which is generated by M and the 
entries of {a;J^(e)}pgirr(G)- Applying the Fast Reindexation Trick for N and S, 
we have a map ^ G Mor(iV,M'^ (g) L°°(G)) as in Lemma EHOl Set / = ^(e) 
and then f e S' n M^. Since (/ ® lp)ap(/) = (^ ® id)((e ® lp)a;^(e)) = for 
p G /C ■ /C \ {1}, the equality (/ (g) lp)7p(/) = holds. Then by Lemma [5781 we 
have 

(idM(7p(/)) = (id®^)(aX(/)«p) = v&((id®^)(aX(e)ap)). 

This shows the following splitting property of r"^ for s G S* Cg) L°°(G), 

(r-®id)(x((idM(7p(/))®l)) 
= (r'^®id)(x(*((idM(«X(e)ap))®l)) 
= (r" ® id)(x) ■ (r" ® id)(^((idMKap(e)«p)) ® l) 
= (r'^ ® id)(x) ■ (r-((idM(7p(/))) ® 1)- 
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Set a projection /' = {id ^ip){-yK{f)) in S'HM^. The equality (T'^®rp)o7^ = r'^ 
yields r'^((id®(^)(7p(/))) = r^(/)rf2 for p G /C, in particular |/% = |/'|,^ = 

r,.!/)!^!^- Then set a projection E' e M^ ® L°°(G) by 

We verify that E' is a desired projection. At first, we will show E' G 3- The 
condition (1) in Theorem 15.91 is trivial. The conditions (3), (4) and (5) hold by 
Lemma [5.71 The condition (6) follows from Lemma [5.81 on 7x(/)- We verify the 
remained conditions (a) and (b). We claim (r"^ ® id)(7/^(/)) = T^{f)K. Indeed, 
by applying Proposition 12. 101 to the action 7 on M^, we have (r^ ® id) o 7^ = r^. 
Then the condition (a) is verified as 

(r- ® id){E') = (r- ® id)(E(/'^ ® 1) + 7k(/)) 

= (r^ ® id)(E)(r^(/'^) ® 1) + r^(/)ir 

and 

(r" ® id)(i;E'i;*) = (r" ® id)(t;Et;*(/'^ ® 1) + a^^(/)) 

= (r- ® id)(t;Et;*)(r^(/'^) ® 1) + tM)K 
= (r^ ® id)(E)(r^(/'^) ® 1) + r^(/)K 

Next we verify the condition (b). Since {id<S)(p){jp{f)) = {id(^Lp){a*a'^{e)ap), 
we have 

(idM(^;) = (id®^)(i?p)/'^ + (idM(7p(/)) 

= (id ®ip) {a* vEv*ap)f'^ + (id®^)(a*a'^(e)ap) 
= (id(8>V5)(a*fi?'f*ap). 

Hence E' G ^. Now we estimate Qe' and 6^;/. First we have 

\E' - E\^^^ = I - Eif ® 1) + 7/<(/)|^®^ 
< |E(/' ® 1)1^^^ + |7i^(/)U®^ 
= |(id®9')(^)/'|^ + |/% 
<2|/'U. 



Since 



bE'=\E{f^^l)+'jK{f)U^ 
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we have the condition (2) in Lemma [5.111 as follows. 

&E'-&E=^(/')(i-M 

Secondly we verify the condition (1) in Lemma 15.111 By direct calculation, we 
have 

{jF®id){E')-{id(E)FAK)iE') 

= (7^ ® id){E{f'^ ® 1)) - (id®^AK)(E(/'^ ® 1)) 

+ i^F ® id)(7i^(/)) - (id®^AK)(7i^(/)) 

= (7^ ® id)(E)(7^(/'^) ® 1 - f^ ® 1 ® 1) (5.3) 

+ (7^ ® id)(^)(/'^ ® 1 ® 1) - (id®^Ax)(^(/'^ ® 1)) (5.4) 

+ (id®^A;,)(7;,x(/)). (5.5) 

We estimate the trace norms of the above three terms. 

On dOD, we know [(7^. id)(E), 7j.(/'^) ® 1 - /'^ ® F 1] = 0, and then 

IdSDI^^^^^ = |(7F ® id)(E)(7^(/'^) 0l-f'^®F0 %^^^^ 

= {^^^^^) ((7^ ® id)(E) (|7^(/'^) - /'^ ® F| ® 1)) 

= (V- ® V^) (7F((id M(^)) |7f(/'^) - /'^ ® F|) 
<(V^®^)(|7f(/'^)-/'^®F|) 

= (7A®V5)(|7F(/')-/'®i^|) 

= |(id®id®v5)((7F®id)(7i^(/))-(id®FA)(7i^(/)))|^^^ 

= |(id®idM( - (id®^A;,x)(7x(/)) + (id®^Ax)(7x4/)))|^^^ 

< |(id®^A^x)(7x(/))|^^^^^ + |(id®^A;,)(7x4/))|^^^^^ 

holds. On the last terms, we have 

|(id®^A,^x)(7,^(/))|^^^^^=(^®<^®^)((id®M^x)(7;,(/))) 

= (y.®^)((r-®^A;,x)(7x(/))) 

<\f\^6\F\^\K\^ 
= S\F\M%, 
where we have used the {F, (5)-invariance of K. Similarly we get 

\iid®FAj,)i^^4f))\^^^^^<5\F\M%. 
Hence we obtain 



On (15 ■4p . we have 

KOU^^^v' = I ((7f ® id)(^) - (id®^A;,)(E))(/'^ ® 1 ® 1) 

= \F\ipaE- 
On fIS.Sp . we have 

Summarizing these calculations, we have 

l-T \ipO'E' ^ I (ISiOj) I ^g)(^0(^ + |(l5i4|)|^0(^g,(^ + |il5.5li|.,;,ffly<g,,n 

= \F\^aE + ?>5\F\^\f\^ 
<\F\^aE + ^5^'^\F\^{hE' -hE). 
Hence the condition (1) in Lemma [5.111 holds. D 

Proof of Theorem \5M 

Consider a subset S C 5 whose element E satisfies aE < ?>5^^%e- We order 
$ hy E -< E' ii E = E' oi the inequalities (1) and (2) in Lemma 15.111 hold. 
Since S contains 0, S is nonempty. The order of S is inductive as is shown below. 
By Lemma 15.111 (2), the map h is an order preserving isomorphism on a totally 
ordered subset £ C § onto a subset in [0,1]. Hence L is cofinal. Then again 
with (2), the cofinal subsequence of L strongly converges to a projection. We can 
easily observe that S is strongly closed. Hence the supremum of L exists in S. 
By Zorn's lemma, there exists a maximal element ii^ in §. Assume 6^ < 1 — (5^/^ 
and then by Lemma 15.111 we can take an element E' E "^ which satisfies the 
conditions in the lemma for E. It is easy to see that E' E S, E -< E' and 
E 7^ E', but this is a contradiction. Hence we have fe^; > 1 — 5^^'^. Set a 
projection p = 1 - {id ®ip){E) = 1 - {id®ip){a*vEv*a) in S' fl M^ and then 
we have r^(p) < 5^^'^. Then set a projection E = E + p ® e-^. Since K > e-^^ 
E = E{1 (8) K). We verify all the conditions in Theorem 15.91 The conditions (3), 
(4), (5), (6), (7) are immediately verified. 

On the condition (2), we estimate as follows. 



IjEiE) - iid0F^K)iE) 



l/)(g)l/J®</3 



<3(5i/2|F|^%+2|p|^|F|^ 
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Finally we show the condition (8). By the conditions (4) and (7), the element 
H = {id^ip){U) is a unitary. We claim the following inequalities. 

\\{a* - 1 ^ K)vE\\^^^ < K, (5.6) 

Wlpiia* - 1 ^ K)vE)\\^(X):^f^^ < n\\F\\^, (5.7) 

\\{UF,K - 1 ® F ® K){id^A){vE)\\^^^^^ < (45^/2 ^ ^2)i/2||^||^_ (5_8) 

The inequality (15. 7p is an immediate consequence from (15. 6p since ■?/' ® r^ o 7 = ■?/) 
for all 71 G Irr(G). The inequality (15.61) is proved as follows, 

= (V' (g) ip){Ev*\a* - 1 O K\'^vE) 

= (^ (g) ip){Ev*aa*vE + E) - 2'St{ij ip){Ev*avE) 



\E 
\E 
\E 
\E 
\E 
\E 



^g,^ - 2^{iIj (g) (p){v*avE) 

^(^^ - 2'^{iIj ^ if){avEv*) 

^^^ - 2^{(f) o r"^ O ip){avEv*) 

^®^ - 23f?(0 ® If) [air'^ ® id) {vEv* + p ® d)) 

V,®^ - 2^{(f) ® (^) (a(6^|i^|;i(l ® iT) + r,(p)(l d)) 

^^^ - 2^bE\K\-\(j) (g) ip)iaK) - 2t^{p) 



■.bE\K\-\2\K\^-2^{<P®y,){aK)) 



<\K\-M 



<K^ 



ax -I 



^ \\<f>®^ 



where we have used Lemma 15.101 The inequality (15. 8p is obtained as follows, 

\\{UF^K -1®F® K){id®/\){vE)\\l,^^^^ 
= (^ ® (^ O f){{id ®/\){Ev*)\uf,k -1®F® is: 1 2 (id (g A) (t;^)) 
= {i)®^® 'f){\uF,K -1®F® K\^{id®A){vEv*)) 
= (0 o r"" (g V9 (g ip){\uF,K - 1 (g F (g K\^{}<l®A){yEv*)) 
= (0 ® ^ ® Muf,k - 1 ® F ® K\^{t'^ ® A){vEv*)) 
= (0 (g V? ® v){\uf,k - 1 (g F (g irp 



{b^\K\-\l ® A{K)) + tM{1 ® A(ei)))) 



<h^\K\^'^\\uF,K 






l(gF 

+ t^{p)\\{uf,k 






F®ir)(l® A(ei) 



\lplSip(g)ip 



Let 



Vf1f{ij) — H® F = w\vf1f{ij) — H® F\ 
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be the polar decomposition with the partial isometry w G M'^ L°°(G). Then 
we have 

= (V^ ® ip){w*ivFlFil^) -fi^F)) 

= {tfj ip) (w* {id ® id ® ip) {{vF®K)-fF {a* vE) - {id®F^){a*vE))) 

= {il)®^®^) {{w* O K){vf ® K)-iF{{a* - 1 ® K)vE) (5.9) 

+ [w* ® K)[{vF ® K)-iF{v){nF{E) - {id®F^K){E))) (5.10) 

+ [w* ® K){{{vf ® K)-iF{y) - (id ®F^K){y)) (id ®f^k){E)) (5.11) 

+ {w* ® l){{id® f^k){vE) - {id® F^){vE)) (5.12) 

+ {w* ® l){id®F^){{l ®K - a*)vE)). (5.13) 

On (15. 9p . using (15. 7p . we have 

IdHDI =\{i)®'p® 'p){{w* ® K){vf ® K)-iF{{a* - 1 ® K)vE)) \ 

= \{ij®'P®v) {jf{E){w* ® K){vf ® K)jF{{a* - 1 ® K)vE)) \ 

<WF®K){w®K)^F{E)%^^J\M{a*-l®K)vE)\\^^^^^ 

<\\FUlF{{a*-l®K)vE)\\^^^^^ 

<K.\F\^. 

On (15.101) . the term ''^f{E) — {id®F^K){E) is in the centralizer of the weight 
ip ® If ® if. Using approximate equivalence oi E, we have 

I dSIDD \=\{iJ®^®y^){{w*®K) {{vf ® K)-iF{v) {ME) - (id ®f^k) {E))) ) \ 
< \\{w*®K){vF®K)Mv)\\\ME) - {;id®F/^K){E)\^^^^^ 
<55V2|F|^. 

On (15.111) . using u = {v ® l)^{v){id®/\){v*) and (15. Sp . we have 

IdSHIDI 

= \{ip®V®v) {{w* ® K) [{vf ® K)-fF{v) - (id ®fAk){v)) (id ®fAk){E)) \ 
= \{^®'f®'f) ((id ®fAk){E){w* ® K){uf,k - I ® F ® K){id ®fAk){vE)) \ 
< \\{w ® K){id®FAK){E)\\^^^^J{uF,K -1®F® K){id®FAK){vE)\\^^^^^ 
<\\FUA6'/' + ^y/^F\\^ 
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On fl5J2D . we have 



\i^M 



< 
< 



< 

< 
< 



{w (g) l){id0F^K^)iE)\\^^^(^^\\{id'S)F^K^)ivE)\\,^^^(!^^ 



'id (g)FAK± ) (-E) II V'gx/^^v^ 



,(^ ® V' ® y?) ((id ®i7A^±)(E + p ® ei)Y^^ 

,(0 o r"^ ® y; ® y?) ((id ®irA^x)(E + p0 ei)) ^^^ 

,(0 ® (^ ® V?) ((id ®F^K^){h\K\:p^l ®K + tM® ei))^^^ 

,(Mir|;i(v. ® V^)((F ® ir^)A(ir)) + r^(p)|F|^)'/' 

\F\^{5 + 5'/Y' 

Finally on (I5.13p . using (15.61) . we have 

| (I57[3D | = \iip0ip0ip) {{w* ® l)(id ®fA)((1 ®K- a]^)vE)) \ 

= \{'4}®^® i^) {{id ®F^){E){w* ® l)(id®i.A)((l ®K- a*j^)vE)) \ 
<\\{w® l)(id®i.A)(E)||^^^^^||(id®FA)((l ®K - a*j^)vE)\\^^^^^ 



<II^IUII^IUI 
<k\F\ 



'1(»K -aK)vE\ 



if- 



Therefore we obtain 

\vf7f{iJ') - H® F\ 



< (^ + 5^1/2 + (4^1/2 + ^)l/2 ^ 2V25I/4 + ^) 1^1^ 
6. COHOMOLOGY VANISHING II 



D 



6.1. 2-cohomology vanishing in McDuff factors of type IIi 

In Lemma 14. 3[ we have proved the 2-cohomology vanishing result in an ultra- 
product von Neumann algebra. This result ensures the existence of a unitary v 
which is able to perturb a 2-cocycle m to a much smaller 2-cocycle u, but the 
problem is how small v is. In the construction of v in the proof of Lemma 14. 2^ 
we see that v is not small even when u is small. It is, however, an approximate 
1-cocycle and then the Rohlin type theorem enables us to perturb f to a small 
new unitary v' by a 1-coboundary constructed from a Shapiro unitary. Since the 
perturbation of v does not change 2-cocycle u essentially, we can perturb u to 
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make it much smaller by a small unitary v' . Successive perturbations yield a 
vanishing result of 2-cocycles in the original von Neumann algebra. We mention 
that this strategy has been seen in the context of |0c2j . 

From now on, we assume that M is a McDuff factor of type IIi with the tracial 
state r. Then the technical assumption in Theorem 15.91 (8) automatically stands 
up for = r. The trace r o r"^ on M'^ is also denoted by r. We choose a suitable 
net of F0lner sets as follows. If Irr(G) is finite, we set Fq = Kq = 1 and ^o = 0. 
When Irr(G) is infinite, for each n > we will take finitely supported central 
projections F„, Kn in L°°(G) and 5„ > inductively such that 

(1) {F„}5^Q and {Kn}'^=Q are increasing and strongly converge to 1, 

(2) {5n}'^=Q is decreasing and lim 5„ = 0, 

n— >oo 

(3) Kn is (i^„, (5„)-invariant and Kn > ei, 

(4) (95l/' + ^5%)\FX < (l/2)(5„-i {n > 1). 

Fix a sequence of ascending finitely supported central projections {Sn}'^=o in 
L°°{G) with 5*0 = ei and U5^QSupp(5'„) = Irr(G). Let -Fq = ^i = Kq and 6o = 1. 
First take Fi and 6i > such that Fi > Fq V Kq V ^ V Si and 96l^^\Fi\^ < 
(l/2)(5o. Then take an (Fi, (5i)-invariant finitely supported central projection Ki 
with Ki > e^. Second take F2 and ^2 > such that F2 > Fi V i^i V ^ V 5*2 
and (9(5^^ + 352/^)|Fi|^ < (l/2)5o and 94^^21^ < (l/2)5i. Suppose we have 
chosen finitely supported central projections F„, Kn in L°°(G) and (5„ > with 
QSn \Fn\^ < (l/2)(5„_i. Then take F„+i and 6n+i such that F„+i > FnM Kn V 

K~nySn+i, {%l!^ + 3<5y+i)|Fj^ < (l/2)5„_i and Q5l!^^\Fn+i\^ < (l/2),5„. Then 
take Kn+i which is (F„+i, (5„+i)-invariant and Kn+i > e^. Set J-'n = supp(F„) 
and )Cn = supp(i^„). Since F„ > Sn, l^n=o^n = Irr(G). 

Let (a, u) be an approximately inner cocycle action of G on M. By Lemma 
1121 we can take a unitary v in M"^ (g) L°°(G) such that a = Adv on M C M'^, 

{v* (g) l)a'^{v*)u{id0A){v) = 1, 
lim 11(0 ® r^) o Ad< o a^ - 0|| = for all G M„ vr G Irr(G). 

n— »oo 

Then 7 = Adf* o a'^ is an action on iVf^ fixing M and preserving M^. Assume 
that 

for all vr, p G ^n+i- Then f is an approximate coboundary, and by Theorem 15.91 
there exists a unitary /x G iVf^ such that 

Ivf^IfM - /^ ® i^nlr®^ < (9(5^^ + 35y^_^i)|F„|^ < (5„_i. 

Then we have 

|(/x ® Fn)vp^a'^p^{ix*) - 1 ® F^l^^^ = |(/U ® Fn)^F„if^*)v*p^ - 1 ® F„|^^^ 

= |/i(g)F„-Wi.„7i.„(/i)|^^^ 
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Set a perturbed unitary t> = (/i l)t>*a'^(/i*) and then we have 

{v0l)a'^(v)u{id0A)(y*) = 1, 

Let (vm)m be a representing sequence of v. Then there exists m G N such that 

\\{{Vm)7T ® lp)a,r((^^m)p)M7r,p(id®7rAp)(tJ;;^) - 1 (g) 1^ (g) lp||r®<p®^ < (5n+2, 
|?^m(l (g F„) - 1 (g) F„|^53^ < (5„„i 

for all 7r,p G J-'n+2- Hence we obtain the following lemma. 

Lemma 6.1. Let M be a McDuff factor of type IIi and {a,u) an approximately 
inner strongly free cocycle action of G on M. If the inequality 

\\'^TT,p — 1 (g lyr ® Ipllr®!/'®'/' ^ On+1 

holds for all vr, p G J-'n+i, then there exists a unitary w & M ® L°°(G) such that 

(1) for all 71, p G J^n+2, 

\\{w^ (g lp)a^{wp)un,p{id^^Ap){w*) - 1 (g 1^ (g lp||^^<^^^ < 5n+2, 

(2) \wf„ - 1 (g Fn\r(B>ip < ^n-l- 

Then as similar to the proof of [Oclt Theorem 7.6], we obtain a 2-cohomology 
vanishing result in M. 

Theorem 6.2 (2-cohomology vanishing theorem). Let M be a McDuff factor of 
type III with the tracial state r. Let («,«) be an approximately inner strongly 
free cocycle action of G on M . Then u is a coboundary. Moreover, assume for 
fixed n >2, the inequality 

\\'^TT,p — 1 <g lyr ® lp||r(g)v3®(/3 < On+1 

holds for all tt, p E J-'n+i- Then there exists a unitary w E M ® L°°(G) such that 

(1) {w (g l)a{w)u{id®A){w*) = 1, 

(2) \Wf^ - 1 (g F„|r®<p < 5n-2- 

Proof. It suffices to prove the theorem only in the case that IpTr.p — 1 (g l^r ® 
lp|| < 5n+i holds for all vr,p G Tn+i- By the previous lemma, there exists a 

unitary ti? G M (g L°°(G) such that 
(i) for all 7r,p G J'„+2, 

\\{w^ ® lp)a^{w p)U^^p(ld®^Ap){w*) - 1 ® 1^ ® ^p\\r®^®^ < '^"+2' 

(ii) \Wf„ - 1 (g Fn\r®^ < 5n-l. 

Set m" = u,w'^ = If, 0;"+-'^ = Adw^oa and u"+-^ = {wT,'^lp)aTr{wp)u{id®j,Ap){w*). 
Then [a"'^^ , u"'~^^) is a strongly free cocycle action on M with ||u""t"'^ — 1 (g l^r (g 
lpllT(g)95(g)</3 < Sn+2 for all TT, p G J-'n+2- With a repetition of the above argument, we 
get a family of cocycle actions {(a*", u™)}m>„ and unitaries {w"^}m>n satisfying 
the following conditions 

(l.m) a™+i = Adw'^oa'", 
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(2.m) u"^+^ = (w™(g) l)a"(u;™)M™(id(g)A)(^™*), 

(3.m) \\u^^p - 1 (g) 1^ O lp||^®^0<p < 5„,+i for all 7r,p G J^m+i, 

(4.m) |U7™^ - 1 ® i^m|r®<^ < 5m-l- 

Then set w™ = w"^w"^~^ . . . w" and we have a™"*"^ = AdW™' o a and u™""*"^ = 
{vf^ ® l)a(w™)M(id®A)(w™'*). By the condition (4.m), it is easy to see that 
the sequence of unitaries {w"^}m>n strongly converges to a unitary W. Then by 
(S.-m), (W® l)a;(W)u(id(8)A)(lZ;*) = 1 holds. Moreover we have 

\vf]}^ - 1 (g) Fn\r(D^ < \Wp^ - 1 (g) Fn\r(^^ H h \Wp^ - 1 (g) F„|^cg^ 

< (5m_i H h 5„_i 

<5„_i(l + 1/2 + 1/22 + ...) 

Hence we are done. D 

By virtue of 2-cohomology vanishing, we can show the following results. 

Corollary 6.3. Let M be a McDuff factor of type IIi with the tracial state t and 
a an approximately inner strongly free action of G on M. Let v be a unitary in 
M (g) L°°{G). Assume for fixed n >2, the inequality 

\\{v^ (g lp)an{vp){id®^Ap){v*) - 1 (g 1^ (g IpUr®^^,^ < ^n+l 

holds for all ti, p E J-'n+i- Then there exists a unitary w E M ® L°°{G) such that 

(1) {wv(^l)a{wv){i<l®A){{{wvy) = 1, 

(2) \wf„ - 1 <^ Fn\r<g>^ < Sn-2- 

Proof. Let 5 = Adf o a and u = (f (g l)a;(f)(id(gA)(f*). Apply the previous 
theorem to the cocycle action (5, u) and it is done. D 

With Lemma [4.61 and the previous corollary, we can show the following result. 

Corollary 6.4. Let M be a McDuff factor of type IIi with the tracial state t, 
and a, (3 approximately inner strongly free actions. Then for any e > 0, finite 
sets T ^ Irr(G) and T d M , there exists an a-cocycle v satisfying 

\\l3^{x) - Kdv^{a^{x))\\^^^ <e 

for all n E J^ and x eT . 

Proof. By Lemma [4.61 we can find an a'^-cocycle W G M^ (g L°°{G) with (3 = 
AdW o a on M. Let (w'^)^q be a representing sequence of W. Since {W (g 
l)a'^{W){id^A){W*) = 1, for all 7r,p G Irr(G) we have 

hm ||« ® l,)a.«)(id®.A,)K*) -10U0 IpIL^..,. = 0. 



u—no 



fWr^ip^ip 



Take a large n so that T d Tn and sup^jg^-ll + 2-\/2||x||)(5„_2 < e. Also take a 
large v so that ||/37r(a;) — Adi(7^(Q;^(a;))||^ < (5„_2 and 

||« ® lp)a^(wP(id®^Ap)(u;''*) -\®\.® lpL^^«^ < '^"+1 
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for all TT, p G J^„+i and x E T. Apply the previous corollary and then we have 

is an 



a unitary v G 
a-cocycle. Set ' 


M (g) L°°(G) such that |- 
V = vw" and then 


WiT'^ - 1 (g) F„ , 


-^ip < 0„_2 


and vw 


I3.{x) 


- Adv^a^ix)) , 


r®<p 












< (5.{x) 


-Ad<K(x)) 


rg)(^ 


+ 


Ad<(a, 


r(x)) 


- Adv^{a, 


^(^)) .«< 


< f3n{x) 


-Ad<K(x)) 


rig) (/J 


+ 2 


WK-vA 


Irgjip 1 


\x\ 




= PAx) 


-Ad<K(x)) 


T^ip 


+ 2 


|i®i.- 


Vtt It 


-®</3 ^ 




< /9.(x) 


-Ad<K(x)) 


T^tp 


+ 2 


y2|l®l. 


: — V; 


1/2 1 1 




< Sn-2 + 


2V26lZ\x\ 














<e 
















for all TT G JF„ and x eT. 















D 

6.2. Shapiro unitary 

We represent a Rohlin type theorem for two actions in order to study a com- 
mutation property of a Shapiro unitary, which is stated in Theorem 16.51 (9). We 
will explain a motivation for the study by considering a simple case. Let a be 
an action on a von Neumann algebra M and v an a-cocycle. Put (3 = Adt; o a. 
Let K G Proj(Z(L°°(G))) as before. Assume that a"^ has a Rohlin projection 
ii^ G M^ ®L°^{G)K in the sense of Theorem 15.91 In addition, we assume that the 
projection vEv* is a Rohlin projection for /3. Now take a finite subset T C M. 
Suppose that [Ep (g Ip, ap(ap(x))] = and [vp ® Ip, ap{a-p{x))] = for all x G T 
and p G /C. Then the Shapiro unitary p = (id (gxy?) (w£^) commutes with all x E T. 
We present an approximate version of the above argument. 

Theorem 6.5. Let M be a McDuff' factor of type IIi with the tracial state t and 
a an approximately inner strongly free action of G on M. Let 0<5<1, £:>0 
andF e Projf(Z(L°°(G))). Take an {F, S) -invariant K e Projf(Z(L°°(G))) with 
K > ci. Set T = supp(F) and /C = supp(i^). Let v be a unitary a-cocycle in 
M (g) L°°{G) and set a perturbed strongly free action (3 = Adf o a. Then for any 
countable set S C Af^ and a finite subset T C Mi, there exist projections E" and 
E^ in M^ ® L°°{G) satisfying the following conditions. 

(1) E" = E"(l ® K), Ef^ = E^(l ® K). 

(2) The following splitting properties of t'^ , 

(r'^ ® id)(xE") = (r'^ ® id)(x)(r'^ ® id)(^"), 
(r"^ O id){xE^) = (r"^ ® id)(x)(r'^ O id){E^) 

hold for all X e S ® L'^{Q)K . 

(3) (approximate equivariance) 

|a^(E°) - {id®FAK){E%^^ < 56'/'\F\^, 
\f3-AE') - {id®FAK){E%^^ < 56'/'\F\,. 
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(4) Decompose E"" and E^ as 

p&K i,j£lp 



Pi, 3 1 



^Pi,j ■ 



peK. ijeip 
Then {f^^J and {/| J satisfy 

Jpi^JWk.i '^P,-^^J,kJp.j} JpiJ7fk,e '^P,'^"j,kj-p^^ 

for all p, TT G /C, i,i G Ip and k,i G I.,^. 

(5) (joint property of U) Set U = vE"' and decompose U as 

pe/c i,j£ip 
Then we have 

f^pijf^T^k.e ~ ^p,nOi,kf-p_.^^y 

for all p, TT G /C, i,j G Ip and k,i ^ I.,^. In particular, U*U = -E" and 
UU* = E^ holds. 

(6) For each p G /C, the projections {id®ip){E'^) and {id®ip){E^) are equal. 
In addition, they are in S' fl M^. 

(7) (partition of unity) 

(id 0ip){E") = l = (id®v^)(^^). 

(8) (Shapiro lemma) Set fi = {id ®ip){U) and then ^ is a unitary satisfying 

\vFd'{^) - p ® F\r^^ < 95'/'|F|^. 

(9) Further assume 

for all X ^ T and tt G /C, then the unitary p satisfies 

\[fi,x]\r <e 
for all X eT . 



Proof. As in Lemma H75l we take a unitary V G M^ ®L°°(G) such that a = Ad V 
on M and V* is an a'^-cocycle. Set the strongly free action 7 = Adl^* o a^ . We 
use the same notations in Theorem I5.9[ We may assume that S contains the 
entries of a-^^x) for all vr G Irr(G) and x E T. Recall the set 3 defined in §5.3. 
We denote by 3 the subset of 3 whose elements satisfy the following conditions. 
For E eJ, 

(i) [E,-f{x)] =Ofor allxGS. 

(ii) The projections E := VEV* and E := vVEV*v* satisfy the conditions 



;i), (2), (4), (5) and (6) in Theorem EH 
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(iii) The equality (id(g)v3)(E^) = {id ®ip){Ep) = {id®ip){E'^p) holds for all p G /C. 
(iv) (r- ® id)(E") = bE\K\-'K = (r- ® id)(:E''). 

Recall a subset S G 3 defined in the proof of Theorem 15.91 Then we can easily 
see that 3 fl S is an inductive ordered set as similar to the proof of Theorem 15.91 
Let £^ be a maximal element of J. Since the proof of Lemma [5. Ill is applicable for 
"J with the additional assumption (i), the projection p = 1 — {id <^ip){E) satisfies 
tM < S^^'^- Let E" = VEV* and E^ = vVEV*v* where E = E + p0ei. Then 
the conditions (1), (2), (4), (5), (6), (7) of Theorem 16.51 are satisfied. Since V* is 
an a'^-cocycle, the condition (3) follows from the tracial property of r. On (8), a 
similar proof to that of Theorem 15. 91 (8) is applicable to {a, E'^) and an a-cocycle 
V. Finally we verify (9). For p G /C and a; G T, 

= (r ® (^ ® y.)((E; ® lj,)\[v, (g) lp,a,(«p(x))]|2(E; ® Ip)) 
= (r ® v' ® y^){\[vp (E) lp,ap{ap{x))]W{r'^ ® id)(^p) ® Ip)) 
= {T(g)ip^ ip){\[vp ® lp,ap{aj{x))]\\bE\K\-% ® 1^)) 

= bE\K\:,^\\K^lp,ap{ap{x))]\\l^^^^ 
<e'\K\-\ 

Using it, for p G /C and x E T, 

\[Up (g) lp,ap(ap(x))] 1^0^55^ = llvE"" (g) Ip, ap(ap(a;))]|. 



5</3 



< |[t;p® lp,ap(ap(x))](E^ ® lp)|r®^®^ 

+ \{vp(S) lp)[^p ® lp,ap(ap(a;))]|r®v:>®^ 
= |[t;p ® Ip, ap{ap{x))]{E'^ ® lp)|r®^®^ 

< \\[vp®lp,ap{ap{x))]{E'^®lp)\\r^^^^ 



II I<^ 1 1 ^ 1 1 1 "^"^ 1 1 ^ 

c-ll J<r'l|-UV2|| 7>-||-1^2 



Set a state 6'p = T^*^ ■ Tp^p on -B(i/p (g> Hp). Then we have v'p(a) = <PpOp{a ® 1^ 
for all a G B{Hp) and (i^^p ^ ^p® ^-p as positive functionals. We claim that 



ci2|(id(g)^p)(x)|, < \x\r^^^^^ for all xeW^ ®B{Hp® Hp). 



58 



Let {id^9p){x) = w\{id^9p){x)\ and x = w'\x\ be the polar decompositions. 
Then the claim is verified as follows 

dl\{id®e,){x)\^ 

= rfjr(w*(id®^p)(a;)) 

= dlir 9p){{w* ® Ip ® lp)x) 

= dl{T (g) 9p){{w* (g)lp(g) lp)w'\x\^/^\x\^/^) 

< dlir ® ep){{w* ® Ip ® lp)w'\x\w'*{w ® Ip ® Ip)Y^\t ® ep){\x\y/^ 

<{T®ipp(g ipp) {{w* ® Ip ® lp)w'\x\w'*{w ® Ip ® lp)y^^{r ® V'p ® ^p)(|a;|)^/2 

= {T0ipp0 ifip) {\x\^/^w'*{ww* ® Ip ® lp)w'\x\^/^y^^{T ® v^p ® ipp){\x\y/^ 

<{T®iPp® iPp){\x\y/\T ^ipp® V^p)(|x|)^/2 

Then we obtain 

\[fx,x]\r = \[{id0ip)iU),x]l 

= |5^[rfJ(id®^p)(f/p®lp),x] 
pec 

< Yl |<(id®^p)([f/p ® lp,apMx))])|^ 
pec 






< ^\[Up®lp,ap{ap{x))]l^^^^ 
peJC 

peJC 

= e. 



D 



Although a 1-cohomology does not vanish in M in general, it approximately 
vanishes. The following theorem shows the approximate vanishing with a com- 
mutation property of a Shapiro unitary. Since it is easily proved by considering 
a representing sequence of /i in the previous theorem, we omit the proof. 

Theorem 6.6 (Approximate vanishing of 1-cohomology). Let M he a McDuff 
factor of type IIi with the tracial state t and a a strongly free action of G on 
M. Let F e Projf(Z(L°°(G))) and 5,€ > 0. Take an {F, 5) -invariant K E 
Projf(Z(L°°(G))) with K > e^. Let T be a finite subset in the unit ball of M. If 
an a-cocycle v satisfies 

II Adt;p o ap{ap{x)) - ap(ap(x) )||^c>3<p®^ < e 
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for all X E T and p G K,then there exists a unitary w in M satisfying 

(i) \VF -{w® l)aF{w*%^^ < 95i/4|F| 
(a) \[w, x\\r < e, X E T . 



IV" 



7. Main theorem 

7.1. Intertwining argument 

For a proof of the cocycle conjugacy of two actions, we make use of so-called 
an intertwining argument initiated by Evans-Kishimoto in [EKj . The results 
Corollary 16.41 and Theorem l6.6l are necessary for the argument. We briefly explain 
the outline. Let 7° := a and 7"^ := j3 he approximately inner strongly free 
actions on M. First by Corollary 16. 4[ we perturb the action 7"^ to 7^ by a 
7~^-cocycle v^ so that 7^ is close to 7°. Second by Corollary 16. 4[ we perturb 
the action 7° to 7^ by a 7°-cocycle v"^ so that 7^ is close to 7"*^. We construct 
families of actions and 1-cocycles inductively and achieve the equality at the limit. 
However in that process, we have to use Theorem 16.61 in order to treat successive 
multiplications of unitaries. 

Theorem 7.1. Let M he a McDuff factor of type IIi. Let a and (3 he approxi- 
mately inner strongly free actions of G on M. Then they are cocycle conjugate, 
that is, there exist an automorphism 9 in Int(M) and an a-cocycle v with 

Ad f o a = {O'"" ®id)o 13 oO. 

Proof. Let S = {ai}°Zi be a strongly dense countable subset of the unit ball of 
M. Put Sn = {aj}"^^ and £„ = 2"". Take the sequences of the finitely supported 
central projections {-Fnj^i, {-^njJJLi and the positive numbers {5„}J^i as in 
§6.1. Set 7° = a, 7-^ = p, M_i = uq = 1, 9o = 9_i = id G Int(M) and 
To = {1} (s M. For each n > 1, we construct inductively the following members. 

(i) an action 7" of G on M, 

(ii) Wn G U{M), 

(iii) On G Int(M), 

(iv) an Ad{wn (S) 1) o 7""^ o Adt(;*-cocycle u", 
(v) a {6n ® id) 07*^0 0^ ^-cocycle IT", where n is equal to or —1 according to 

that n is even or odd respectively, 
(vi) a finite subset T„ (s M. 
The induction conditions are 
(l,n) ||7p(a;) - lp~^{x)\\r^^ < En for x e Sn and p ETn{n> 1), 

(2,n) ||7p(7|(a;)) - 7p"H7|(a^))l|r®.pc>5v < ^" ^^ ^11 x G T„_i, p G /C„ U fCn+i and 
1 < fc <n- 1 (n> 2), 

(3,n) |m^^ - 1 ® F„|,^^ < 95^ |F„|^ {n > 3), 

(4,n) |[ti'„,x]|^ < €n-2, for x G T„_2 (n > 3), 

(5,n) u" = «"(«;„ ® 1)m"-2(^* ® 1) (n > 1), 

(6,n) 6'„ = Adw^ o 9n-2 {n>l), 

(7,n) 7^^ = Adw" o Ad(w„ ® 1) o 7"-2 o Adw* (^ > 1), 

(8,n) r„ = r„_i u s-, u ^„(S'„) u K^^. | n G j;,^, J G I^} {n > 1). 
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1st step. 

Since a and /? are approximately inner and strongly free, there exists a 7~^- 
cocycle v^ with || AdUp(7~"^(x)) — 7p(a;)||^„ < B\ for all x ^ S\ and p G JFi by 
Corollary 16 .41 Applying Theorem 16.61 to f^, we can take a unitary wi G M with 
l-^Fi - (wi ® \)^p]{wX)\^^ < g^y^lFil,^. Then set u^ = u^ = v'^-f-^{wi){wl (g) 1) 
and it is an Ad{wi (8> 1) o 'y^^ o Ad t(;j|°-cocycle. Set an action 7-"^ = Adf^ o 7^^ = 
AdM-'^oAd(u;i 01)07^^ o Ad wl, an automorphism 61 = Adwi and Ti as in (8, 1). 

2nd step. 

Next take a 7''-cocycle f ^ with 

II Adi;2(^0(x)) - 7p(a;)|L ^,, < £2 for all x e S2, pe J^2, 



Mvi o 7,"(7|(x)) - 7^(7|(a;)) I ^,. < 62 for all a; G Ti, p G /C2 U /C3, fc = 0, 1 



by Corollary 16. 4[ Then also by Theorem 16. 6[ we can take a unitary W2 with 
\v% - {W2 ® 1)7f2K)L^^ < QSl^^\F2\^- Set m^ = ^^(^^2)^ ® 1) and 7^ = 
Adt;2 o 7O. Set ^2 = Ad W2, u^ = u^ and T2 as in (8, 2). 

(n + 1) -st step. 

Suppose that we have done up to n-th step. By Corollary 16.41 we can take a 
7"~-'^-cocycle f"^^ with 

II Adi;;+i(7;-i(x)) - 7;(a;)L^^ < ^n+i for all x G 5„+i, p G .F„+i 

and for < /c < n, 

II Adt;;+^o7;-i(7|(x))-7;(7^(x)) t^^^^ < e„+i for all xeT^,p(^ /C„+iU/C„+2. 

Since we have the condition {2,n) (with k = n — 1), i.e., 

Ii7p"(7r'(^)) - 7r'(7r'(^))L^,«^ < ^- ^^ ^^ ^ ^ r„_i, p g /c. u /c„+i, 

we obtain for all x G T„_i and p G /C„,+i, 

II Ad<+^ o 7r^(7r'(^)) - 7;-^(7r'w)L^,«, < ^^ + ^n+i- 



Then by Theorem 16. 6[ there exists a unitary m„+i in M with 
and 

\[Wn+l,x]\r<^^ <en + £n+l < ^n-l for all X G T„_i. 

Set m"+i = t;'^+i7"-i(M;„+i)«+i ® 1) and 7"+^ = Mv''+^ 07""!. Set m"+\ 
^„+i and Tn+i as in (5, n + 1), (6,n + 1) and (8, n + 1), respectively. Then all 
the conditions have been verified. Thus we have constructed the members in 
(i),. . . ,(vi) inductively. 
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We show the existence of hm 62m and hm 6'2„+i. Let x G Sn- For m > n + 2, 
we have 



m^foo m— >oo 



\\9m{x) - 9„,-2{x)\\r = \\Wradm-2ix)w*^ - 9rn-2ix)\\r 
= \\[Wm,0m~2{x)]\\r 

Similarly we have \\9^{x) — ^m-2(^)llr < v^^»«-2- Hence the strong limits 
lim 62m{x) and lim ^2m+i(a^) exist for all x ^ S. It clearly derives the exis- 

m— >oo m— >oo 

tence of the limits for all x G M. Let 60 = lim 62n and 61 = lim ^2n+i- Then 

they are approximately inner automorphisms. 

Next we show the existence of lim U^™" and lim 11^™'+^. For m > n we have 



|m™+2 - m^ I = |m™+2(w„+2 ® 1)m^ (w* 2 ® 1) - M?^ I , 






< 90^_,_2 1 -Fm+2 1 .^ + 2_^ Z_^ d-K^m+2 



m+1 "t" ^m+2\J^ n\(p' 



^ Om+i + £m+2 -^» 



Hence {m^"}^^;^ and {-u^" ^}^i are Cauchy sequences for all n G Irr(G), and 
the strong limits u^ = lim m^" and -u^ = lim lf"'~^^ exist. It is easy to see that 

7^" = AdM^™ o (^2n ® id) o « o ^2;,^ and 72™+! = Adw^^+i o (^2n+i ® id) o /? o ^2"^^^. 
Since for fixed n, lim ||7^™^"'^(a;) — 7^™(a;)||T-®(p = for all x E Sn and vr G Irr(G), 

m— »oo 

the next equality holds on U„>iS'„, and so does on M, 

Adw" o (^0 (S) id) o a o ^g"^ = Adw^ o (di (g)id)o f3o e^\ 

Moreover, -u" and u^ are 1-cocycles for (^0 (E)id) o a o 0^ and (^1 (E)id) o p o 9^ , 
respectively. Therefore a and P are cocycle conjugate. D 

Since strong freeness and freeness are equivalent notions for the AFD factor of 
type III (see Appendix), we obtain the following result. 

Corollary 7.2. Any two free actions of an amenable discrete Kac algebra on the 
AFD factor of type IIi are cocycle conjugate. 
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7.2. Classification of minimal actions 

We show the uniqueness of minimal actions of a compact Kac algebra G = 
(L°°(G), 6, h) with amenable dual on the AFD factor of type lli. 

Lemma 7.3. Let M be a finite von Neumann algebra, a an action of a compact 
Kac algebra G on M. If M xiaG is a factor, then any a-cocycle is a coboundary. 

Proof. The proof is similar to that of |W2l Theorem 12]. Let w be an a-cocycle. 

Set N := M2(C) ® M, a := id 0a and w := en <^ w + 622 <S) I <S) 1. Then w is an 
a-cocycle, and P := Adwoa is an action of G on N. Since M2(C) (M Xq,G) = 
iV X5 G = A^ X/3 G, A^^ is a factor by [S, Corollary 5] or |Yl Corollary 3.9], and 
the restriction of any trace on M2(C) ® M is the unique trace on A^^. Since 
Cii ® 1, 622 ® 1 e A^'^ and their values of trace are 1/2, they are equivalent. Let 
V G A^'^ be such that v*v = en ® 1 and vv* = 622 ® 1- Then v is of the form 
f = ei2 ® M for some u G U{M), and v G A^^ implies that w = {u^ l)a('U*). D 

Recall that an action a of a compact Kac algebra G on M is said to be minimal 
if (M°)' n M = C and the linear span of {(0 O id)(a(M)) | G MJ is weakly 
dense in L°°[G) [ILPj . Since this definition is equivalent to (M")' fl M = C 
and the factoriality of M xIq, G by [SI Corollary 7] and [Y^ Corollary 3.10], any 
1-cocycle for a minimal action is a coboundary. Readers are referred to jHYj or 
[Vj for constructions of minimal actions. 

Corollary 7.4. Let G = {L°°{G),6,h) be a compact Kac algebra with amenable 
dual. Let M be the AFD factor of type IIi and a a minimal action of G on M. 
Then a is dual. 

Proof. On M ® B{Ht,), consider a minimal action c?" defined by a'^{x) = {a 
id)(a;)i32. Recall the multiplicative unitaries V and V defined in §2.2 and §2.5, 
respectively. Since V^23 ^21^^23 = '^2iV3i, l®(V;)2i e M(g)5(if^)(g)L°°(G) isano^- 
cocycle. By Lemma rr3l there exists f^ G U{M ® B{Ht,)) with (f* ® l)a'^{vT,) = 
1 ® (V;)2i, that is, a{v^) = K)i3(l ® K). Define v G U{M ® L°°(G)) by 
f (1 (g) 1^) = v^ for all TT G Irr(G). Set /3{x) := Adt;(x (g) 1) for x G M". We claim 
that /? is a cocycle action of G on M" with a 2-cocycle u := f i2fi3(idj\/ ^A)(y*). 
Since for x G M", we have 

(a (g) id)(/5(x)) =a(f)(a(a;) O l)a(t;*) 

= t;i3(l ® V")(x ® 1 ® 1)(1 ® K*)fi3 

= /3(x)i3. 

Hence /3 preserves M". We verify m G M" O L°°(G) O L°^(G) as follows. 

a(u) = a(i;)i23a(f )i24(id ® id ® A)(a(t;*))i234 

= ^^13V'23^^14V'24(id id (g)A)(V2*3^13)l234 
= ^^13V'23^^14V'24(V23V24)*(id®A)(t;*)i34 

= t;i3Wi4(id(g)A)(t;*)i34 

= Ml34- 
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Hence {jS, u) is a cocycle action on M". Next we show the freeness of the cocycle 
action (/?, u). Assume that for an element tt G Irr(G) \ {1}, there exists a nonzero 
a e M" ® B{Ht^) such that I3.,t{x)a = a{x ® l-n-) for all x G M". Then since 
v*a G ((M")' n M) ® S(i7^) = C ® 5(if^), there exists b G 5(/f^) such that 
a = Vt,{1 ® b). Applying a id to the both sides, we have ais = (t'7r)i3(l ® 
K)(l ® 1 ® &) and hence 1 ® 1 ® 6 = (K)23(l ® 1 ® &) G C ® L°°(G)^ ® 5(iy^), 
but this is a contradiction. Therefore (/5, m) is a free cocycle action on the AFD 
factor M° of type IIi. By Theorem [O, there exists w G ?7(M" O L~(G)) with 
(w(g)l)(/9(8)id)(w)M(id(8)A)(w*) = {wi2Vi2){wi3Vi3){id®A){v*w*) = 1. Then u;m 
is a unitary representation of L°°(G). Since a{v) = ^13^23 and a{w) = W13, it 
follows a{wv) = {wv)i3V23. Hence a is a dual action for a free action Adw o /3 
on M". D 

In the end, we prove the following main theorem. 

Theorem 7.5. Let M be the AFD factor of type Ih, and G = (L°°(G), (5, /i) a 
compact Kac algebra with amenable dual. Let a and f3 be minimal actions of G 
on M. Then they are conjugate. 

Proof. By the previous corollary, a minimal action of G on the AFD factor of 
type III is dual, and a and /? are of the form 70 and 71 where 70 and 71 are free 
actions of G on M" and M ^ respectively. Since M" and M^ are injective factors 



of type III, they are isomorphic by Connes's result |C2] . By Corollary 17. 21 70 and 
7i are cocycle conjugate. Hence their dual actions a and P are conjugate. D 

8. Appendix 

Let M be a von Neumann algebra, and K a finite dimensional Hilbert space. 
For P G Moro(M, M ® B{K)), we prepare several properties. 

Definition 8.1. We say that f3 is 

(1) properly outer if there exists no nonzero a G M®B{K) such that /5(x)a = 
a{x (g) 1) for all x e M, 

(2) centrally trivial if f3'^{x) = x ® 1 for all x G ili^, 

(3) centrally nontrivial if f3 is not centrally trivial, 

(4) properly centrally nontrivial if there exists no nonzero element a & M ^ 
B{K) such that (3'^{x)a = {x l)a for all x G M^. 

Lemma 8.2. A map (3 G Moro(M, M B{K)) is properly centrally nontrivial if 
and only if it is strongly outer. 

Proof. The "if" part is trivial. We show the "only if" part. Let /5 be a properly 
centrally nontrivial homomorphism. Assume that (3 is not strongly outer. Then 
there exists a nonzero a G M"^ B{K) and a countably generated von Neumann 
algebra 5* C M'^ such that P'^{x)a = a{x (g) 1) holds for all x e S'nM^. We claim 
that the proper central nontriviality implies 

s((r"®id)(|/3"(2)-z®in). 
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Indeed, if 6 G M ® B{K) satisfies (r"^ (g)id)(|/3^(z) - z® l^fe = for all z e M, 
then {[3'^{z) — z® 1)6 = 0, but this is a contradiction. Hence there exists z G M^ 
such that it satisfies (r"^ ®id)(|a*n(r'^ ®id)(|/5^(z) -z ® Ip) ^0. Let {eijj^^.^i 
be a system of matrix units for B{K). Decompose a as a = Yl^i=i^i,j ® ^i,j- 
Set AT = W*{z), S = W*{S, {aij}i<ij<n) and B = {/3^}. Then by Lemma EIOl 
there exists "^ G Mor(iV, M'^) such that 

(1) ^(z) eS'n M^, 

(2) T'^ib^iz)) = r^(6)r^(z) for all b e S, 

(3) /3"(^(;2)) = (^®id)(/3'^(z)), 

Set y = ^(2;) G 5*' n AL and then P'^{y)a = a{y 1) = (yS) l)a. However the 
following equality 

(r- ® id)(|a*n/5"(y) - y ® in = (r- ® id) (|a*p(* ® id)(|/5"(z) -z0 Ip)) 

= (r^ ® id)(|a*n(r'^ ® id)(|/9'^(2) - 2 ® Ip) 

implies {P'^{y) ~ {y ® ^))a 7^ 0. This is a contradiction. D 

Hence /3 is 

strongly outer <;=^ properly centrally nontrivial ^ centrally nontrivial. (8.1) 

Amap/3 G Mor(M,M®5(ir))issaidtobezrredwd6/eif/?(M)'n(M(g)S(K)) = 
C. 

Lemma 8.3. Let (5 G Moro(M, M ® B{K)) he irreducible. Then (3 is centrally 
nontrivial if and only if j3 is properly centrally nontrivial. 

Proof. The "if" part is trivial. We show the "only if" part. Let /3 be a centrally 
nontrivial homomorphism. Assume that there exists a & M ® B{K) satisfying 
(3'^{x)a = (x ® l)a for all x G M^. Let a = v\a\ be the polar decomposition. 
Then it is easy to see that l3'^{x)vv* = (x l)vv* for all x G M^. Put p = vv* G 
M®B{K). Hue U{M), thenp'^{x)p{u)pp{u*) = {x^l)P{u)pp{u*). Therefore 
the projection z = yu&u(M)P{u)p[3{u*) satisfies [3'^{x)z = {x® l)z for all x G M^. 
Since z G f3{M)' fl M ® B{K) = C, we have z = 1, and (3 is properly centrally 
nontrivial. D 

Hence under the assumption on irreducibility, all the properties of (18.1 p are 
equivalent. In addition, if M is the AFD factor of type Hi, they are equivalent 
to proper outerness. 

Lemma 8.4. Let % be the AFD factor of type Ih. Let (3 G Moro(3^o, 3^o®5(^)) 
be irreducible. Then the following properties on (3 are equivalent: 

(1) central nontriviality, 

(2) proper central nontriviality, 

(3) strong outerness, 

(4) proper outerness. 
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Proof. We know the equivalence of (1), (2) and (3). It is trivial that (3) implies 
(4). We show that (4) implies (1). Let r be the trace on 31q. We assume the 
following lemma for a moment, and we prove this implication. Let dCi C 3C2 C . . . 
be an increasing net of finite dimensional subfactors in JIq with (U„>i3C„)" = "Rq. 
For each n, there exists a unitary m„ G X'^ H CRq with ||/3(m„) — Un ® IIIt^tj^ > 
1/2. Then the sequence {un)n is central which defines u in (CRo)u;- It satisfies 
\\(3'^{u) -u® l\\r(g,TK > 1/2- Hence /3'^ is not trivial on (JIq)^. D 

We adapt [C3l Lemma 3.4] to the case of a homomorphism as follows. 

Lemma 8.5. Let M be a factor of type IIi and K a finite dimensional Hilbert 
space. Let (3 G Mor(M, M ® B{K)) he irreducible. If there exists a finite dimen- 
sional suhf actor % G M with 

sup{\\(3{u) -u® l||r®r^ I u G U{X' n M)} < 1, 

then (3 is not properly outer. 

Proof. Consider a weakly closed convex set in M®B{K), C = co^{{u®l)P{u*) \ 
u G U{%' n M)}. In C take a unique point y^ attaining the minimal distance 
from with repect to || • \\r. By assumption, ||yo — 1||t < 1, in particular, y^ ^ 0. 
Unicity yields {u ® l)?/o = VoPiu) for any u G U{%' fl M). Hence we have 
{x (S) l)yo = yoP{x) for any x E %' H M. Let {eij}2j^i be a system of matrix 
units for %. Since /9(ei^i) and Ci^i (S> 1 are equivalent in M ® B{K), there exists a 
partial isometry v E M ^ B{K) with /5(ei^i) = vv* and Ci^i = v*v. Set a unitary 
ti = X]r=i'^(^«,i)'^^i.« in M (g) B{K). Then we have ^(eij 1)= [3{eij)u. Hence 
u{x ® 1) = P{x)u for all x G 3C. Let 7 = Ad{u*) o /5 and yi = you. Then 7 is 
trivial on X and yi7(x) = {x (g) l)yi holds for x G 3C' n M. Let E: M (g) B{K) -^ 
{%' n M) ® B{K) be a faithful conditional expectation. Then there exists an 
element a in X with z = E{{a^l)yi) ^0. Since 7(3C'nM) C {X' HM) (gB{K), 
z satisfies z'y{x) = (x ® l)z for x G 3C' fl M. In fact, this equality is valid for any 
X E M because 7 is trivial on X. This shows 7 is not outer. Hence (3 = Ad(-u) 07 
is not outer. D 

Let (a, u) be a cocycle action of G on a von Neumann algebra M. We call 
(a, u) centrally free if a^r is properly centrally nontrivial for each vr G Irr(G) \ {!}• 

Corollary 8.6. Let {a,u) be a cocycle action of G on a von Neumann algebra 
M. Then the following properties of {a,u) are equivalent: 

(1) central freeness, 

(2) strong freeness. 

In addition, if M is the AFD factor of type IIi, they are also equivalent to 
(3) freeness. 

Proof. We know that (1) and (2) are equivalent and (2) implies (3). We show 
that (3) implies (1). By Lemma |2.8[ each map a^r, vr G Irr(G), is irreducible. 
Then by Lemma 18. 4t a-ir is properly centrally nontrivial. D 
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